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Abstract. The theory describes the shell part of the apparatus as a surface with
an arbitrary geometric outline and general acting factors. A mathematical model is
constructed, and boundary conditions are formulated to determine the coordinate
deformation functions of the shell part under any external disturbances. The
methodology for calculating the elastic deformations of its surface with an arbitrary
outline of the meridian line is also described. When analyzing the nature of a
phenomenon and determining how to combat negative impacts on inertial navigation
devices caused by certain factors, it is crucial to calculate the coordinate functions of
the deformation of the vehicle's shell under the influence of spatial disturbances. It has
been proved that inaccuracies or excessive simplifications lead to errors in the
integration of the shell equations, and thus to errors in the calculation of the coordinate
functions of the surface deformation and distortion of the meaning of the phenomenon.
The equations for determining partial frequencies have been developed, revealing that
oscillatory processes on the float's surface affect each other in all directions.
Therefore, it is possible to determine the degree of influence for specific mass and
dimensional modifications of the RMS. The scientific foundations have been laid for a
deep analysis of the dynamics of the vehicle's shell under full-scale conditions.
Additionally, a reasoned comparative analysis with the classical cylindrical
modification of the float has been revealed. It is now possible to optimize the weight
and size characteristics of the device. Theoretical foundations for improving the
accuracy and reliability of float devices (and inertial navigation systems in general)
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are being developed based on passive methods of sound insulation and their
combination with other methods, such as active and auto-compensation.
Keywords: shell part, boundary conditions, mathematical modeling, arbitrary

geometry of the shell, coordinate functions

Introduction. Penetrating acoustic
radiation generates elastic deformations
on the surface of the float. Moreover, the
radial components are most susceptible
to this influence, which is explained by
the lower stiffness of the shell in the
plane of the frame compared to the other
two - longitudinal and circumferential.
Let us analyze the possibility of reducing
this effect by abandoning the classical
geometry of a circular cylinder in favor
of a shell of revolution with a non-zero
Gaussian curvature of the side surface -
convex or concave (Fig. 1). As a partial
example, the case of a circular cylinder
is derived from the obtained regularities
of elastic motion of the float surface in
three directions. To do this, we should
assume the Lamé constants
A =1, A,=R=const.

The available scientific data make it
possible to use ready-made differential
equations of state for shells. At the same
time, the authors simplified each specific
problem, taking into account the
problem being solved. Thus, in their
final form, they may differ quite
significantly. Therefore, there is a need
to construct the differential equations of
the shell dynamics in the most general
form - with an arbitrary geometry of the
meridian line delineation but to be able
to obtain other variants of the shell of
rotation - convex, concave, etc[1,2]. This
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creates opportunities for scientifically
based conclusions on comparative
analysis and the selection of ways to
optimize the design.

Literature review and problem
statement. To build a plane of a given
angular orientation on moving objects,
three-axis gyrostabilized platforms are
used. They are known to have coordinate
system creation errors due to the
influence of a number of factors, of
which cross-tie can be considered the
main one [3-5]. But, basically, its drift is
still caused by the errors of two-stage
gyroscopes (for example, of the DUSU
type), which serve as the platform's
sensing elements.

An in-depth analysis of the errors of
a two-stage float gyroscope under
kinematic, power disturbance, unbalance
of the moving part, gravity of current
leads, due to the action of cross-angle
velocity, and other external factors is
given in the scientific literature [2]. At
the same time, as it turned out, other
negative factors that occur in the field
but have not yet been identified require
serious study. We are talking about
penetrating acoustic radiation, which
leads to wave processes in the
suspension and additional measurement
errors. And, importantly, it is necessary
to create computational models that
would take into account not only, and not
so much, the actual effect of sound
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fields, but their simultaneous influence
with the angular movement of the base.
The computational model analyzes the
effect of the joint action of acoustic
radiation and low-frequency angular
motion of an object on the error of a two-
stage float gyroscope. The kinematic
Impact acts on the device through the
supports, while the acoustic impact acts
through the environment. The elastic
movements of the float surface resulting
from a sound wave, subject to the
angular motion of the base, cause
Coriolis moments of inertia forces to
appear[6]. These forces act as a false'
angular velocity on the input axis for the
gyroscope and result in measurement
errors (or output signal drift in the case
of an integrating gyroscope).

The purpose of the research is to
formulate a reasonable formulation of
the boundary conditions of the state of a
cylindrical float of an industrial-strength
two-stage gyroscope. The use of a
generalized approach allows for the
expansion of the problem's boundaries
and a Dbetter understanding of the
phenomenon. The coordinate functions
of the deformed surface of the float can
be calculated to clarify the regularity of
wave processes in the gyroscope
suspension and their contribution to the
appearance of additional device errors,
under certain boundary conditions.

The object of research is a
commercially manufactured two-stage
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float gyroscope of the DUSU2-6AS
series, which is used on long-range
aircraft. The device consists of two
coaxial cylinders separated by a heavy
liquid. The inner one contains the gyro
unit itself[7].

Shell with arbitrary geometry of
the meridian line.

A shell is formed by rotating any
curve around the chosen axis of
symmetry. Let's assume that this curve
does not cross the axis of rotation (Fig.
1). The reference (inertial) and bound
coordinate systems are shown in the
diagram, where the following notations
are used: r = f(z) — rotation curve; r — is
the distance from the axis of rotation to
point M.

Let's take the length of the shell
equal to I. Then ze [0, 1].

Let ¢ be the coordinate that defines
the position of the point M on the
parallel. Then, for an infinitesimal
distance between two points on the
median surface w of the shell, we can
write the following relation

dS*=dS;} +dSZ,
where dS; is the arc differential along the
meridian; dS; is the arc differential along
the parallel.

Since dS; :[1+ f2 (z)]dzz;

ds2 =rdep® =[ f(2)]" do?,
then
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Fig. 1. Moving vehicle in the form of a shell with an arbitrary geometry of
the meridian line

ds?=[1+f'2(z)|dz2 +[ f(2)] do. (1)
Hence, it follows that the coordinates
o, and «, the appropriate choice is [8,9].

Then

A =1+ f%(2); A =f(2). (2)

This enables us to draw an
important  conclusion: the Lamé
parameters 4; and A4, are functions of a
single coordinate, z.

Other curved coordinates can also
be selected as a coordinate ¢, for

example, o, =0, a, =9.

Let us write the equations of the
shell's motion in the coordinates ¢, =z,

and «, =¢@. In this case, the expressions

should be replaced with the appropriate
notation:

U=U, U,=U_; W=2W, =7 o=

With this in mind, these equations
take on a different form. The equation

oU
Eh 6 {AZ v, Y,

1-v? oz

A oz

op A oz

Eh 1
+ A 2
2(1+v) Ai( 0z0p A, Op
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in the z coordinate is written in the
form

)
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ouU

Eh oA 18U +i 2+ L 8A2UZ+W vi+i +
1.V & Alaz A op AA, oz

N Eh’ 1 0([A,0A W A, 0°W v 3°W A, R, .
12(1-v?*) R, &2 Aoz oz Al a2’ A, op> ARZ az

A A oU, vadU, v oA 6W 14 aAZUZjJr 3)
AR oz R 8go A1 oz oz A&Rlaz

en' 11 o(aow) o(Ammaw),
12(1+v) A R 8(0 A, 0z0¢ 8(0 A oz Op

+i(i%j_i(iﬁuzj+ﬂ(ﬁw_wﬂ+
Op\ AR, 09 ) Op\ AR, oz op\ R, oz
Eh® a( 1 oW 1 oA aw A U,

12(1+v) 3o\ AR, 2209 AIR, Gz 0p AR oo

1 aAZU L1 U,) Eh® 10A,( v oA W
ARz &z ' RR, &z 12(1—v2)R1 oz | A} oz oz

2

v 0U, 1 oU,
AR 0z AR 8(p

oA, A U,
L w, 1 R =AA, q1+pha :
A’A, oz oz AlAle oz 1 dt?

The ¢ coordinate equation takes the form

Eh i{va;z AN, Lom W(v/ﬂ A&ﬂ
A

1-v2 dp A oo A o2 R R,
20U

L En Lo(A, U, AR,
2(1+v)A o\ A oz op A oz
. Eh® 1 8 v oA oW v o'W AW v iR N
12(1-v? )R op\A2 oz &z A, @2® AZ0d9° RZ az
v&U Al oy, 1 8A28W 1 6A2Uj+
"R a2 AR, 8(0 AA 0z oz AR @
Eh® 1 1 8( A, 0°W 10A,0W A,0U, A, 0A,

+— +—= —

+ +
12(1+v) A, R, 0z\ A, oz0p A, oz 09 R, o AR, oz °
. A U, . Eh® 0 1 a”vv 1 oAW1 au,
AR, dp ) 12(1+v)az| AR, 828(p AAR, 0z 0p R1R op
1 ou,
Pou,+ LT |y @
A1R1R 674 AlR 0z
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Eh® 1 oA, 1 82\N 1 oA 8W 1 o0U,
12(1+V)R1 o2\ AA G209 AR &z 09 AR 0p

TR NUAR U,
_A1A2R1 z A&R 82 _AJ.AZ —0, at

Finally, we get:

_En 19]0 iﬁ_ﬂaﬂ_iﬂ_yﬂ’v A Ry,
12(1-v*)Aaz| a2\ A oz oz A a2® A 09" AR & Y

LA, v, vOAW v oA j} En’ 10
AR1 oz R op Aoz oz ALRl oz ‘)| 12(1+v)A oz

X{__( AW AW A U, A A iaU_(pﬂ_

A 09 A 0z 09 AR do AR oz Y. R, oz

__ BN J10joA(v AW vOoW 10W v R
12(1-v*) | A &2 Aoz oz Ao A oag® AR &z Y
v oy, 1Y, 1 AW 1 aAZU) ~
ARi oz AZR 8(0 CNA &z AiAle oz ¢

__Eh? 1 0A, O[A, 0N OW A, 0°W v o°W A, R, .
12(1-v?)A; oz &2\ Aj @z a2 Al @* A, o AR] a °

A, vaU_véAZGW v&AZUj_

AR ¢z R, 0p A 0z &z AR 0z °
Eh® 1 0A, 6 A 0°W A 0A, oW A7 dU, A, O0A,

- —| — + + - U, +
12(1+v) A} oz o9\ A, 0209 AZ oz 09 AR, 09 AR, a2 °
LA, En’ 1 0A0A (v oA W _Lazw 1 oW
R oz 12(1—1/2)A12 oz oz \ Aoz oz A ord A og
v Ry, v Y, 1 oU, 1 oA W 18A2j

AR? & V- A1R1 oz A2R 8(0 CAA, oz @ AlAZR oz *

L, En 1 0fafvomaw AW voW v AR,
12(1-v? )A o9l o0\ AZ &2 a2 Al 69> A, az® RZ a °

LA, vau, 1 AW 1 ﬁAzuj}
AZR dp R 6z AA &2 6z AR 0z °

()
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1oaaw A U
Az 0p AR, &

o AN, A @AZUZH_
R, 0p AR, &z

Eh° 1 0 A azvv
12(1+ v) A, 0 A2 az A aza(p

B EthiAZ 10U, V15U¢,+ v_oh u, wl vl
1-v " RLA @ A dp AA @ R R,
+1{v ou 1Y, 1 oA, W(—+im=%{qn azv;/j_
A oz A2 op AA oz R R, ot
Thus, the equations of the from expressions (3) — (5). To do this, it

investigated shell have been greatly
simplified compared to the original ones.

As a special case, the equations of a
circular cylindrical shell are derived

A1:1,'

Differential equations of a special
shape shell

Consider the convex (Fig. 2, a) and
concave (Fig. 2, b) shells of rotation
relative to the axis of rotation. In both
cases, it is assumed that OD=BA=R, and
the curve f(z), which forms the shell of

Is enough to take the following values of
the Lamé constants:

A>,=R= const

rotation, is symmetric with respect to the
line CM, which intersects the axis of
rotation in the middle (OB =[; OC = CB
1
=2).
We also assume that

f(0)=f(l)=R=const. (6)

Consider the coordinate system
Ciziri (Fig. 2). The relationship

r=ri+R;

between this system and the reference

Ozr is defined by the relations

|
71=171t79

0 r D
1
1
1
1
1
1

Fig. 2. A special shape of the rotation shell: a) convex; b) concave

In the frame of reference C,;z; 1,
the shape of the shell (meridian line) is
given by the expression
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rlzifl(zl)’ (7)
where the «+» sign corresponds to Fig. Let us find out for which class of curves
10.2, a, and the «—» —sign corresponds f1(z1) the following conditions are
to Fig. 2, b. fulfilled:

f.(-z)="f(z); f(£5)=0;
functions [ +f,(z)] are strictly convex, ~ function  f,(z) is decreasing if

' — ' I
and functions [—f,(z)] are strictly Vzle(O;Ej (Fig. 2, a) and increasing if
concave; the point with coordinate z; =0
IS th_e point of extremum for the vz, e O;l (Fig. 2, b).
functions +f,(z,); 2

Now let's consider an example.
Let's say that
Fi(z) =a,—aoz:i?, a2>0; a>0.
Obviously, fi(-z1)=f1(z1). Then,
according to Fig. 2, we have:

I |2
fl(iaj :O = az—aozzo.

2

Hence azzaolz. With that in mind, we

can write it down:

fl(zl):ao(z—zfj, a, >0. (8)

We denote the rise of the parabola
C1K at the point z; = 0 by 6 (Fig. 2, a).
Then

5— E = —ﬁ
It can be written down that
2
fl(zl)=6—?—§zf :8(1—4:—;]. (9)

The equation of the shell meridian line
in the Ozr reference coordinate system

| r:f(z):R+§{l—li2(z—|§)2} (10)
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Or
s 45( 1Y
f(z)=R|1+———| z2—— | |: 11
] w
80 |
f'(z)=——| z2— |; 12
(2) ,2( 2) (12)
2 2
A&=\/1+64?—4(z—|§j : (13)
s 45(_ 1Y
=R|1+————F=|z—| |. 14
% {JFR RIZ( 2):] (14)
In lines of curvature, the rules for
differentiating unit vectors €& are as
follows:
108 1 8A1é2_i63; 108 1 aAlél; i%:i} (15)
Aday AAOJa © R ° Aday AAJo = Aday R

where €, is the normal vector to the

surface.

These expressions will be useful
for further calculations.

Let's move on to deriving the
formulas for calculating the curvature of

coordinate lines (ij and (ij in the

1 2
undeformed state of the shell surface.
From Fig. 1 we obtain the obvious
vector equation for the points of the
median surface:

R=R(z,p)=ircose+ jrsing +kz=if (z) cosp + jf (z)sinp+kz . (16)
Then
ﬁzzg—s:Tf’(z)003¢+]f’(z)singo+IZ; élzézzﬁi;
Z (17)
F?Z:%[Tf’(z)005¢+jf’(z)sin(p+lq, A =11 17(2);
R, =[ —irsing+ jrcose |=
R 1, - . - (18)
= 2=e¢,:m(—|r sing + jr cosw):g(—lrsm @+ jreose).
(4
i i k
§3:é1><§2=i f'(z)cosp f'(z)sing 1 =%[—Tcos<a+fsingp+IZf’(z)]. (19)

—sing CoS @

From formulas (15) it follows:
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1 1. ae
R A
o8 _ 1 oA K .,
— —L| —icos sing + kf'(z)+— f"(z) |=
© - LB Toosp-aing K (2)1 ()}
= L—A& COS -+ j—%SIn¢+k{ 8'Aif "(z)+ f (z)} (20)
A 0 A0 A o A
Then
08, ) 1 ., GA " 1.,
b il cos’ p+— f'(z)sin® p——— +—f"(z)=—1"(2).
6 S (2005 o (2N’ o R ()5 17(2)= 55 1°(2)
Taking into account the above, we
can write down the known ratio —
1 1., f"(z
R_:Ff (z)= ( ) T (21)
v A [14£72(2)]
Consequently,
1 1
—=——, (22)
R, AA
or
1t ! : (23)
R, R,(2) f(z)y1+f"?(z2)

If the shell of revolution is a The Codazzi identity for the
cylindrical surface, then considered shell of revolution will
f (z)=R=const, where Ristheradiusof ~ change as follows:
the shell.

oA ) O 1 0 6A 12 ()

aal(Rj 62%( AAZH (AJ Ko A=V 7(2)
A_Lt2)1(2)
oz A

) [f 1)

And so, ai(R_
N 1+ f’z(z)]f

: : : : : f"(z) f'(z
The right side will ook like this igi . M)
“ [1+7(2) 2
The second ratio turns to zero. Let's clarify the relations for
calculating the Lamé parameters 4; and
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1 we will assume that the following
Ay, as well as the curvature Y and

1 conditions must be met g“:% <1.

[ij In the course of further research, Parameter 4, should be given in the
2 form

eresma 2o cmes) 1 L (2 | oo, @

R+o6
s (2z Y
where g(z):R+5(l——1J.

It is easy to establish that the Parameter A4; s represented as
function £(z)<lat vze[0,1], ie.

0< &(z) <<1.

A =[1+£7? (z)]; :{1+16?—22($—1j é(z)} - [1+16¢(1+C)n> g(z)ﬁ ,

R
where 77 :T.

The final parameter value
A=[1+2p&(2)] (25)

where =8¢ (1+4)n’.

From now on, we consider the shell
geometry to be such that the condition

2n<<1, (26)
This condition has the feature of Taking into account the caveat (26),
containing  characteristic ~ geometric we assume that
parameters.
1
A1§1+,u§(z)—§,u2 &%(z2). (27)
Now let us transform the relations (21) We have:

1
and (22) to calculate the values R and
1

1

R,
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80

L. - S [1+2p§(z)]_2. (28)

I .

Given the basic assumption (26),
expression (28) is simplified:

1.1
R, R
It is obvious that if 6 >0, then

~

U _ E 2 ¢2
m{l Cug(z)+ s g (Z)} (29)
According to (23)

1
1 — 0, therefore, —— 0.

1 1 1

- :
mot@)[aetr AN
Taking into account expressions

(24) and (27), we obtain:
1 1

R, [1+n&(2)](R+5)[1-8(2)]
1

== [1-pe(z)+n? &2 (2)-...] [1+&(2)+E° (2) +... |= (30)
1

- e L) g (@) ]

Finally, we have:

Rlz E_R(11+c) L+(1-prn?)E(2)+ (1) £ (2) - |

If 6>0,£—>0i1i u4—0, then
from the formula (26)

11
— ==
R, R

Formulas (24), (27), (28), and (30) are

valid only for the fulfillment of condition
(26).

Let us numerically evaluate the
possible geometry of the shell. Let

;:%:0,3. This is a sufficient

convexity (or concavity) of the surface.
Then.

2 =16 ¢ (1+¢)n? =16-0,3-1,37> =6,247°, 7 :IE.

Ne 2/108, 2024

Hayxosi nonosiai HYBIlIl Ykpainu

ISSN 2223-1609



Texnika i enepreruxa AIIK

Measnuk B. M., Kocosa B. I1., Boiiko I'. B., Ocranenko XK. 1., [IaBiaenko B. II.

In order to fulfill conditions (30)
and 2u<<l1, it is necessary to take

relatively long shells with significant
convexity (or curvature).
Let »=0,1. Then

241=6,24-0,01=0,06 = 1 =0,030.

If n=0,2, =n°
The last case is the most

unfavorable. Let's analyze the values of

=0,04, = u=0,125.

the coefficients in expressions (24), (27),
(28), and (30).
First of all

s (1)

Then the maximum value of &(z),
if Vze[0,1] and ¢ =0,3, will be equal
0,3

Maximum  values of other

parameters:

A, ;1+o,125-o,23—§(o,125)2 (0,23)* =1+0,03; A =13R(1-0,23);

o —=0,23.
13
1
i~ 125[
R 13R
;—%[1 0,375.0,23 +
1
RZ
1
Thus, the above numerical

calculations give us the right to assert
that it is possible to set such geometric
dimensions of the shell that in the

1
parameters A4, A, — and—, we can
Rl RZ

neglect the terms after the third term.
Conclusion
These results enable the solution of
a broad range of applied problems. For

CnucoK BUKOPHCTAHUX JIKepPeJT
1. Kapauyn B.B., Mensnuxk B.M.,
Jlagorybenr H.B. Han3BykoBi  miTanbHi
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1-3-0,125-0,23+7,5-0,016-0,053] =

1,25
~-——(1-0,086
] 13R( )

—= —% [1+(1-0,125+0,0156)-0,23+(1-0,25+0,0156)-0,053 | =

——(1+0,205+0,04).
R

instance, comparative calculations can
be performed for a classical circular float
shell. There are various methods to
determine the coordinate functions, and
one of them has been analyzed here. This
option has the advantage of allowing the
selection of a side surface geometry that
meets the conditions of a specific
technical problem.
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JANU®EPEHIIAJIBHI PIBHSIHHSI OBOJIOHKH AITAPATY 3 TOBIJIBHOIO
I'EOMETPI€1O JIIHII MEPUJIIAHY
B. M. Meabhuk, B. Il. KocoBa, I'. B. boiiko, K. I. Ocranenko, B. II. IlaBienko

Anomauia. Y3aeanvHioemovca meopis WLIAXOM ONUCY 0OO0NOHKOB0I YACMUHU Y
8U2A0T NOBEPXHI 3 OO0BILILHUM 2€OMEMPUUHUM OKPECAeHHAM I OlIoYUMU YUHHUKAMU
3aeanvHo2o 8udy. byoyemwvcsa mamemamuyna mMooenb ma GopmMynoomscs epaHuyHi
YMOBU ONsl BUSHAUEHHS KOOPOUHAMHUX DYHKYIU degpopmayii 00010HK080I Yacmunu
anapamy 3a 0y0b-K0I CMPYKMypu 308HIUHIX 30ypeHb. Y3a2anbHI0OEMbCa MemoouKa
oouucienb NpYyscHUX Oegopmayii ii nosepxHi 3 OO0GLILHUM OKPECIeHHAM JiHii
Mepudiany. Hatisadcnusivium Ha emani auanizy Apupoou SA6Uwa 3 HACHYNHUM
oOpanHAM WXy O0pomvOU 3 HE2AMUBHUM GNIUBOM PO32NA0AEMUX YUHHUKIE HA
npunaou IHepyiaibHoi  Hagieayii nocmae 00YUCNIeHHSI KOOPOUHAMHUX (DYHKYIl
depopmayii 00010HK080I wacmunu anapamy nio O0i€l0 NPOCMOPOBO2O 30YPEHHL.
Jlogeodeno, wo Hekopexmuocmi, abo 3ausi CNPOujeHHs, Npu3zeedyms 00 NOXUOOK
IHmMe2pyB8aHHs PIBHAHb 000JIOHKU, OMdice — 00 NOXUOOK OOUUCIEHHS KOOPOUHAMHUX
@yHKyil deghopmayii nogepxHi i suKpusieHns 3micmy sasuwa. byoyromeca pieHsaHHA
0151 BU3HAYEHHS NApYIaTbHuUX uyacmom. 3’4C08aHO, WO KOJNUBANbHI Npoyecu Ha
NOBEPXHI NONAABYS NeBHUM YUHOM Oit0mb 00UH HA 0OHUIL 3a 8CiMa Hanpamkamu. Tooxrc,
0J151 KOHKpemHux macozabapumuux moougpikayiv J{YCY mooicna susnawumu cmynins
ix enauey. 3axnadeni HayKo8i 3acaou 0jisl 2IUOOK020 AHANI3)Y OUHAMIKU 0OO0NIOHKOBOIL
yacmuHy anapamy 3a HamypHux ymo8, 3 00H020 OOKY, Ma GUABIEeHA MONCIUBICINb 014
apeyMeHmo8aH020 NOPIBHANbHO20 AHAI3Y 3 KIACUYHOIO YUTTHOPUUHOIO MOOUGIKaYiEro
nonuasys — 3 0py202o. 3’ A6UNacs MONCTUBICMb OJis BUPIUEHHS 3a0a4 ONmuMizayii
macoeabapumuux xapakmepucmuxk npunady. byoyiomwvcs meopemuyni  3acaou
PO38 ’3aHHA 3a0ay NIOBUWEHHS MOYHOCMI | HAOIUHOCMI NONIABKOBUX NPuUIadie (i
cucmem IiHepyianvHoi Hagieayii 6 yYinomy) Ha RNiOSPYHMI NACUBHUX MemOoOi8
3@yKoi3onayii ma ix NOEOHAHHA 3  IHWUMU MemooaMu — AaKMUGHUMU,
ABMOKOMNEHCAYIUHUMU MO0 .

Knrouoei cnosa: ob6ononkosa wacmuma, 2SpaHuyHi YMOSU, MAMEMAMUYHe
MOOeN8aHHts, 008LIbHA 2eomMempisi 000JIOHKU, KOOPOUHAMHI DYHKYIT
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