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Multilayered discretely substantiated 
shells refer to complex nonuniformity by 
thickness elasticity-structures. In one reason, 
nonuniformity existed because of shell-
flakiness structure, in other case – because of 
existing discretely substantiated edges. 
Including the discretely count of 
substantiated elements brings to exist new 
bursting coefficients on spatial coordinates 
in output equations [1, 2]. Numerical 
method usage (finite-dіfference method, 
finite-elements method etc.) for solving 
dynamic-progressions tasks in listed 
structures observing convergence of the 
worsening numerical results. For the 

constructing more effective numerical 
algorithms used the method, which based 
on finding approximation solutions by 
Richardson [3-5]. 

In this work we are investigating: 
nonstationary progression of multilayered 
discretely substantiated cylindrical shells, 
the construction of numerical algorithm in 
case of Richardson approximations types use 
and the solutions of tasks with the analyzing 
their results.

Nonuniformity elastic structure is 
multilayered smooth cylindrical shell with 
hardly connected layers and discretely 
substantiated circled elements. It means that 
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The purpose of this scientific-essay is constructionation numerical dynamical task 
solving algorithm of multilayered discretely substantiated shells, that based on using 
Richardson finite-difference approximations types. Multilayered discretely substantiated 
shells refer to complex nonuniformity by thickness elasticity-structures. In one reason, 
nonuniformity existed because of shell-flakiness structure, in other case – because of 
existing discretely substantiated edges. Including the discretely count of substantiated 
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ТЕХНІКА

In the equations (1) – (2) have been 
inputted next variables: x , t  – area and 
time coordinates, R  – radius of the 
exampled middle multilayered surface shell; 

kρ , jρ  – materials density of k  – ing layer 
shell and j  – ing edge; kh  - the layers shell 
thicknesses, 
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In the equations (1) – (2) have been inputted next variables: x , t – area and 

time coordinates, R – radius of the exampled middle multilayered surface shell;

kρ , jρ – materials density of k – ing layer shell and j – ing edge; kh - the 

layers shell thicknesses, ckh - the length from output middle area to the 

middle area of k – ing layer; cjh __ the length from output middle area to the 

centre line of the cross-section mass j-ing edge; jx __ coordinate of contact line 

j-ing edge with multilayer shell; jR , jF , kpjI – geometric parameters of j – ing

edge. In the markers for indexes of efforts and moments considered, that
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contact line j -ing edge with multilayer shell; 

jR , jF , kpjI  – geometric parameters  
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Equation vacillation mode (1) – (4) added by natural limiting and initial 

conditions. 

One of the main limiting-task solving-problems in substantiated with 

calculated edges space discrete shells are existence of bursting coefficients in 

vacillation mode equations. In case of [1, 2], we are searching the solve on the 

smooth part and we are linking on the bursting lines. In this task, bursting lines 

are centre mass cross-section projecting points of j-ing edge in the middle of 
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 After standard interpretations in correlations (5), we are getting these 

difference approximations of the equations (1) 

(4)
Equation vacillation mode (1) – (4) 

added by natural limiting and initial 
conditions.
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In the equations (1) – (2) have been inputted next variables: x , t – area and 

time coordinates, R – radius of the exampled middle multilayered surface shell;

kρ , jρ – materials density of k – ing layer shell and j – ing edge; kh - the 
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In the equations (3) – (4) areas are 
integrate 
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Similarly, happens the numerical 
integrate of equation vacillation mode (2) 
for j – ing substantiated element.

Like we seen, in some case, when we solve 
numerical equations (1) – (4) by the 
approximation basis (6) creates the deterioration 
of convergences numerical results. For the 
constructing more effective algorithms, we are 
using the method, which is based on finding 
Richardson approximation results [7]. Although, 
when the difference step is fixed on the time 
coordinate, we are using the progression of 
approximations on the space coordinate. 
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numerical results of equations vacillation 
modes (6), (7) similar with discrete steps on 
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The difference equations (8) approximate 
the output of equation vacillation mode (1) 
in smooth area with forth accuracy order at 
the coordinate x .

Like the numerical example, we have 
solved the task which consist determination 
of the stressed-deformed state of a five-layer 
cylindrical shell at a non-stationary load [5]. 

equations. In case of [1, 2], we are searching 
the solve on the smooth part and we are 
linking on the bursting lines. In this task, 
bursting lines are centre mass cross-section 
projecting points of j-ing edge in the middle 
of sheathing area.

For the constructing equation solvation 
difference-schemes (1) – (4) used 
integrational-interpolated method of 
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for hyperbole equation. In this case, equation 
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Equation vacillation mode (1) – (4) added by natural limiting and initial 

conditions. 
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fixed time T5,8t =  ( l  - count of discrete 
intervals by the space coordinate). In 2 table 
we have used the analogical methods on the 
bursting space line L1,0x = , (it is the edge 
mass centre position of cross-section on the 
given middle typed surface) when T5,8t = .

The Richardson extrapolation method 
helps us to achieve better accuracy on the 
coarser difference grids in space coordinates 
then it could be in the standard numerical 
equation solution. This method usage 
optimized the process in operational count 
in three times ( ≈1,5 times because of space 
grid usage and 2 times because of discrete 
time step).

The limited goal for this task must be like 
x=0, x=L: U1=U2=j3=0; where L – length of 
shell. The begging goal phase is null.

Non-stationery defined load input like:
 [ ])Tt()t(

T
tsinA)t(P3 -η-η





 π

= , 

where А _ load amplitude, Т _ time of 
load. Geometric and phys-math parameter 
have taken from [2-4].

In 1 table we could see the partly results of 
two method – standart method by formulas 
(6), (7) with fixed step xΔ  and like a 
Richardson method with steps xΔ  і 2/xΔ .  
In 1 – 2 tables we could see the results about 
the smooth area shell for the variable 3U  і 
in the profile of the shell 

numerical results. For the constructing more effective algorithms, we are using 

the method, which is based on finding Richardson approximation results [7]. 

Although, when the difference step is fixed on the time coordinate, we are using 

the progression of approximations on the space coordinate. Herewith the 

extrapolation procedure forms like 

n
)x(l

n
)2/x(l

n
)x(l U

3
1U

3
4U

~
  , 

where n
)x(lU   і n

)2/x(lU   - numerical results of equations vacillation modes 

(6), (7) similar with discrete steps on space coordinate x  і 2/x . 

The difference equations (8) approximate the output of equation 

vacillation mode (1) in smooth area with forth accuracy order at the 

coordinate x . 

Like the numerical example, we have solved the task which consist 

determination of the stressed-deformed state of a five-layer cylindrical shell at a 

non-stationary load [5]. The limited goal for this task must be like x=0, x=L: 

U1=U2=3=0; where L – length of shell. The begging goal phase is null. 

Non-stationery defined load input like: 

 )Tt()t(
T
tsinA)t(P3 





  , where А _ load amplitude, Т _ time of 

load. Geometric and phys-math parameter have taken from [2-4]. 

In 1 table we could see the partly results of two method – standart method 

by formulas (6), (7) with fixed step x  and like a Richardson method with steps 

x  і 2/x . In 1 – 2 tables we could see the results about the smooth area shell 

for the variable 3U  і in the profile of the shell 40/L7x   for fixed time 

T5,8t   ( l  - count of discrete intervals by the space coordinate). In 2 table we 

have used the analogical methods on the bursting space line L1,0x  , (it is the 

edge mass centre position of cross-section on the given middle typed surface) 

when T5,8t  . 

 for 

1. Calculations for the U3 variable

Standard calculations Richardson’s method calculations

Δt 1 U3·10-4, м Δt 1 U3·10-4, м

Δt1 40 0,557
Δt1 40÷80 0,573

80 0,569

160 0,573
80÷160 0,574

0,5·Δt1 320 0,576

2. Calculations for the U3 variable (on the bursting line)

Standard calculations Richardson’s method calculations

Δt 1 U3·10-4, м Δt 1 U3·10-4, м

Δt1 40 0,275 Δt1 40÷80 0,292

80 0,288

160 0,292 80÷160 0,293

0,5·Δt1 320 0,292
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Н. В. Арнаута, Р. Р. Роман. Застосування 
чисельних алгоритмів підвищеної точності для 
моделювання динамічної поведінки дискретно 
підкріплених п’ятишарових циліндричних 
оболонок. Біоресурси і природокористування. 
2018. 10, № 5–6. С. 217–222. https:// 
doi.org/10.31548/bio2018.05.027

Метою даного повідомлення є побудова  
чисельного алгоритму розв’язування динаміч-
них задач теорії багатошарових дискретно 
підкріплених оболонок, який базується на 
застосуванні скінчено – різницевих апроксима-
цій типу Річардсона.

Багатошарові дискретно підкріплені оболон-
ки представляють собою складні неоднорідні по 
товщині пружні структури. З однієї сторони 
неоднорідність обумовлена шаруватістю оболон-
кової структури, з іншої – наявністю дискрет-
них підкріплюючих ребер. Врахування дискрет-
ності підкріплюючих елементів приводить до 
появи розривних коефіцієнтів по просторовій 
координаті в вихідних рівняннях. При застосу-
ванні чисельних методів (метод скінчених різ-
ниць, метод скінчених елементів і тощо) для 
розв’язування задач динамічної поведінки вказа-
них структур спостерігається погіршення збіж-
ності чисельних результатів. Для побудови 
більш ефективних чисельних алгоритмів засто-
совується підхід, що базується на знаходженні 
наближених розв’язків по Річардсону. 

Ключові слова: багатошарові оболонки, дис-
кретні неоднорідності, скінчено – різницевих 
апроксимацій

АНОТАЦІЯ

Н. В. Арнаута, Р. Р. Роман. Использование 
численных алгоритмов повышенной точноти для 
моделирования динамического поведения дискрет-
но подкрепленных пятислойных оболочек.
Биоресурсы и природопользование.  2018. 10,  
№ 5–6.  С. 217–222. https://doi.org/10.31548/
bio2018.05.027

Цель данного сообщения – построение чис-
ленного алгоритма решения динамических 
задач теории многослойных дискретно подкре-
пленных оболочек, основанного на использова-
нии конечно-разностных аппроксимаций типу 
Ричардсона.

Многослойные дискретно подкрепленные 
оболочки представляют собою сложные неодно-
родные по толщине упругие структуры. С одной 
стороны неоднородность обусловлена слоисто-
стью структуры оболочки, с другой – наличием 
дискретных подкрепляющих ребер. Учет дис-
кретности подкрепляющих элементов приво-
дить к появлению разрывных коэффициентов 
по пространственной координате в выходных 
уравнениях. При использовании численных 
методов для решения задач динамического пове-
дения указанных структур наблюдается ухуд-
шение сходимости. численных результатов. Для 
построения более аффективных численных 
алгоритмов используется подход, основанный 
на нахождении приближенных решений по 
Ричардсону. 

Ключевые слова: многослойные оболочки, дис-
кретные оболочки, конечно-разносные аппрокси-
мации
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