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Abstract. Currently, studies of the movement of agricultural materials on gravity
surfaces have been carried out. These works also indicate the possibility of solving the
inverse problem - the construction of such a surface that would ensure the given trajectory
of the particle’s movement. In the article, we will consider the construction of a linear
surface, which ensures the movement of a particle along a slant line. The property of such
lines is a constant angle between the tangent line drawn to the curve at any point and the
horizontal plane (the angle of rise of the curve), as well as the parallelism of the main
normal of the curve to the horizontal plane

The purpose of the research is to construct a linear surface according to the
calculated trajectory of the movement of a material particle along it.

The construction of a linear surface according to a given trajectory of the movement
of a material particle under the action of the force of its own weight is considered.

A system of equations was obtained that describes the movement of a material
particle along a linear gravitational surface.

The considered example is the construction of a linear surface, which, with a known
coefficient of friction, would ensure the movement of a particle along a helical line given
by the angle of elevation and a constant curvature.

An example of the construction of a linear surface is also given, which, with a known
coefficient of friction, would ensure the accelerated movement of a particle along the
surface with a constant angle.

The results of the conducted research make it possible to construct a linear surface
according to a given trajectory of the movement of a material particle under the action of
its own weight.
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Topicality. In many tasks during the construction of agricultural machines, the
question of constructing a linear surface according to the calculated trajectory of the
movement of a material particle along it arises.

Analysis of recent research and publications. Finding the trajectories of movement

of material particles along gravitational surfaces is considered in works [1, 2]. Research
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concerns the movement of agricultural materials on working surfaces. These works also
indicate the possibility of solving the inverse problem - constructing such a surface that
would ensure a given trajectory of the particle's movement. In the article, we will consider
the construction of a linear surface, which ensures the movement of a particle along a slant
line. A property of such lines is a constant angle f between the tangent line drawn to the
curve at any point and the horizontal plane (the angle of rise of the curve), as well as the
parallelism of the main normal of the curve to the horizontal plane [3]. These two
properties greatly facilitate surface design.

The purpose of the research is to construct a linear surface according to the
calculated trajectory of the movement of a material particle along it.

Materials and methods of research. Let a material particle move along a spatial
curved line. Let's attach to the particle the accompanying Frenet trihedron, whose ort t is
tangent to the curve, and the ortho is the main normal n and binormals b are in the normal
plane 7 (Fig. 1, a). It is known from geometry that it is possible to choose such a direction
of projection in which the normal plane 7 is projected into a straight line. As can be seen
from Fig. 1, b, which shows this case, the weight force mg ( m is the mass of the particle, g
= 9.81 m/s?), can be decomposed into two components: one component is directed along

the center t (it causes the movement of the particle), the other is in the normal plane =

Fig. 1. Accompanying trihedron of the Frenet curve — the trajectory of the
particle movement:
a - the normal plane zis located arbitrarily in space;
b - the normal plane zis projected into a straight line

Now we will choose the projection direction in such a way that the ort tis projected

into a point. This case is shown in Fig. 2. As it was said earlier, the angle S= const , so the
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ortho of the main normal nat all points of the trajectory is parallel to the horizontal plane.
Two forces act on a material particle in the normal plane: the component of the force of
gravity mg cos S and centrifugal force mv 2k (v is the velocity of the particle, k is the
curvature of the trajectory). Let's start constructing the surface. Let's draw a plane u

tangent to the future surface through the ort .t

o
=]

3l

mgcos3

Fig. 2. Decomposition of the acting forces in the normal plane of the
accompanying trihedron of the trajectory

In Fig. 2, it is projected in a straight line. Since the constructed surface is linear, the
rectilinear surface will be the result of the intersection of the normal plane z and the
tangent plane 4. In order for the particle to move exactly along the specified line, it is
necessary that at each point of the trajectory the projections of the force of gravity and the
centrifugal force on the tangent plane w are balanced. Based on Fig. 2, we can write:

mv’k sin & = mg cos A cose, (1)
where ¢ is the angle between the main normal n of the trajectory and the normal § to the
surface. We project onto the ortho t the forces that give the particle acceleration

dv_dvds _ dv(tistime, s isthe length of the arc of the trajectory):

dt dsdt ds

mvgl\;=mgsin,3— fR, (2)

where f is the coefficient of friction; R is the pressure exerted by the particle on the
surface. After projecting the centrifugal force and the weight force on the normal to the

surface, we obtain the pressure force R (see Fig. 2):
R =mg cos 3sin & + mv’k cose. (3)
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By substituting (3) into (2) and reducing the resulting equation, as well as equation
(1) by the mass m , we obtain a system of equations that describes the movement of a

material particle along a linear gravitational surface:

vg\slzgsinﬂ— f (gcos Bsin & + v’k cose); (4)
v’ksing =gcos Bcose.
System (4) includes four unknown quantities: dependenciesv=v (s); e= & s); k=
k ('s) and the angle g (the coefficient f is assumed to be known). Therefore, some values
must be set, and the rest must be found from system (4). If we project the surface
according to a predetermined trajectory of the movement of the particle, this means that
the trajectory itself must be set by the angle £ and its curvature k = k (s ) , and the
dependencies v =V (s ) and &= &( s) to find from the solution of system (4). Let's consider
examples.

Results of the studies and their discussion. Example 1. _Construct a linear surface

that, with a known coefficient of friction f, would ensure the movement of a particle along
a helical line given by the angle of elevation fand a constant curvature ( k = const) .

From the second equation of system (4), we write:
v = gcos Aetge. (5)

We differentiate equation (5) with respect to the parameter s and write it in the form:

le:_ gcosp dj (6)
ds 2ksin? ¢ ds

Substituting (5) and (6) into the first equation of system (4), after simplifications we
obtain the differential equation:

cosf d—gzsinﬂ— §C088 (7)

 2ksin’e ds sin

The differential equation (7) must be integrated by numerical methods, but under the
condition that the surface is perfectly smooth ( f =0) , the variables are separated and after
integration we obtain the dependence e=&( s) in the final form:

ctge =2tgB -ks or g =arcctg(2tg - ks). (8)
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By substituting (8) into (5), we obtain the dependence of the change in the speed of
particle movementv =v (s):

v? =2gsin #-s=2gH, 9)

where H =sin g-sis the height to which the particle descends during movement. The

obtained result corresponds to Galileo's theorem, according to which the speed of a
particle when moving along a perfectly smooth surface does not depend on the shape of
the trajectory, but on the height H. From dependence (8), it can be concluded that at the

initial moment of motion (s = 0), the angle, £=90°,1.e., the rectilinear generating surface,

is parallel to the horizontal plane. Then the angle esdecreases, approaching zero, which
means that the surface is gradually approaching the surface of the binormals of the helical
line.

For a real surface f =0. In this case, as shown in work [2], with the help of numerical

integration, the particle is first accelerated, and then its motion stabilizes and the trajectory
is a line close to a helical one. It is obvious that the increase in speed occurs up to a certain
limit, until the component of the force of gravity is balanced by the force of friction. In the
future, the speed will be constant and the left side of the first equation of system (4) will

be equal to zero. Taking into account the mentioned solution of system (4) gives the result:

sine= fotgB;  vi= gs;zﬁ - fictg?B. (10)

The next stage is the design of the surface. The parametric equations of the slope line

given by the elevation angle g and curvature k = k ('s) have the form [3]:
X = cosﬁjcos(miﬂjkdsjds; y= cosﬁjsin( Oiﬂjkdsjds; z =ssin £. (11)

Since k = const , the integration of equations (11) leads to the parametric equations of

C

the helical line:

(08 B ks __C0S B s KS ;  z=ssing. (12)

k cosf’ k cos 3
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cos® B

The helical line (12) is located on a cylinder of radius r= and has a step.

h= 7kZSin 23.To construct a helical surface, it is necessary to draw a straight line at an angle

¥ =90° —arcsin( fctgp) (Fig. 2) to the main normal, which is parallel to the horizontal plane,

in the normal plane of each point of the helical line. Omitting the derivation, we present

the parametric equations of the described surface:

2
x = ’Hsin ks —u(fctgﬂsin ksﬁ + I — f ctg’ B sin fcos ks J;
cos

k cos [ cos [

y =<8 ’Bcos & _”(fctgﬁcos ks —msmﬁsm . } -
k cos 3 cos cos /3

Z = —(ssin L+ ul — fzctgz,b’ cos /3)

where s, u are variable parameters of the surface, respectively, the length of the arc

of the trajectory and the rectilinear generator. In Fig. 3, a helical linear surface is
constructed according to equations (13). The trajectory of the particle is shown by a
double line. Initial data: k =0.1; =20 °; f = 0.3. Calculated values according to formulas
(10): &=55.5°; v = 7.96 m/s. The trajectory of the movement is a spiral line on a cylinder
with a radius of r = 8.8 m and a pitch of h = 20.2 m. The constructed surface differs from
the surface considered in the work [2, p. 327] in that the rectilinear generators are

tangential to the axis of the spiral line while in the specified work they cross the axis.

Fig. 3. Helical linear surface that ensures a constant speed of movement of a

particle along it (on the left — frontal projection, on the right — horizontal)
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Example 2._Construct a linear surface that, with a known coefficient of friction f,
would ensure the accelerated movement of a particle along the surface with a constant
angle &(e=const) .

solution process will be the same as in the previous example. Differentiation of
expression (5) taking into account that &= const, k =k ('s) gives:

yAv_ _gcospcose dk (14)
ds 2k?sing  ds
After substituting (5) and (14) into the first equation of system (4), we obtain a
differential equation that can be integrated:
dk 2

B __ % (tgBsine— f)dswhere from g = cose , 15
k? coste(gﬂI £= 1) 2(tgBsine — f)s (15)

Substitution of the expression of the curvature k from (15) into (5) gives the

dependence of the change in the speed of particle movement:

vi= _Z—Q(sin Asin & — f cos B)s. (16)
sin g

When f =0, expression (16) turns into expression (9). System (4) is solved , because
with given constants g,¢ and f found the curvature of the trajectory in (15) and the velocity
of the particle in (16). We look for the shape of the trajectory itself by integrating
equations (11) while substituting the curvature expression from (15) into them:

“ = acos
1+a’

= acoszﬂ{ssin(alns)—scos(alns)}; (17)
1+a° |a

[Zcos(alns) + ssin(alns)};

. cose
Z=sSsinfB, ne a=— - .
2(sin gsin ¢ — f cos f)

In Fig. 4, a spatial curve is constructed based on equations (17), which is the
calculated trajectory of the movement of a material particle and, at the same time, a guide
curve for the designed surface. The design of the surface itself is carried out in the same

way as in the previous example. Output data: é=60 °; =20 °; f = 0.3. Calculated values

according to formulas (15), (16): k=1%%. \_0563./5.
S

112



"Enepzemuka i agmomamuxa'’, Nel 2023 p.

-10
-15
-20
-25

-30

5
0 5
0

-5 5

Fig. 4. Conical slope line, which is the trajectory of the movement of a material
particle and at the same time the guide curve of a linear surface with a fixed angle &
slope of the generators

Conclusions. The designing of a ruled surface on a planned trajectory of motion of a
mass point under operating of force of dead weight is reviewed. The concrete examples

are adduced.
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KOHCTPYIOBAHHS JITHIMYATOI HOBEPXHI 3A PO3PAXYHKOBOIO
TPAEKTOPIEIO PYXY MATEPIAJIBHOI YHACTUHKH 11O HIA
C. @. Ilununaka, A. B. Heceioomin

AHoTanist. Huni npogedeni 0ocniodicenHs pyxy CilbCbKO20CNOOAPCLKUX Mamepianie
no 2pagimayiuHux noepxHaAx. YV yux npayax maxkodc 6KA3aHO HA MONCIUBICMb
PO36°A3aHHs 00epHeHoi 3a0aui — KOHCMPYIO8AHHA MAKOoi NOo8epxHi, Axa 3abe3neuuna 6
3a0aHy mpaeKmopiro pyxy YacmuHKu. Y cmammi po3ensanemo KOHCMpPYIO8AHH NIHIYamoi
NoGepxXHi, sIKa 3a0e3neyye pyx 4acmuHkKu no JniHii yKocy. Bracmuegicmio maxkux niniu €
cmanui Kym Midc OOMUYHOI NPSAMOI0, NPOBEOeHOI0 00 Kpueoi 6 0yOb-aKit mouyi, i
20pU30HMANBHOIO NAOWUHOIO (KYM NIOUOMY KPUBOI), a MAaKO}C NApanreibHiCms 20J106HOL
HOPMAJI KpUugoi 00 20pU30HMAlIbHOI NIOUWUHU

Mema Oocniodcennsi - KOHCMPYIOGAHHA JIHIUYAMOI NOBEPXHI 3A PO3PAXYHKOBOIHO
MPAEKMOPIEI0 PYXy MAmMepianbHOi YACMUHKU NO Hill.

Pozensnymo xoncmpyrosanns ninitiyamoi noéepxmi 3a 3a0aHo0 MpaeKmopicto pyxy
mamepianbHoi yacmunKu nio 0i€io Cuiu 8lAcHol 8azu.

Ooeporcano cucmemy PpIiBHAHbL, AKA ONUCYE PYX MaAmepianbHOi YACMUHKU NO
JIHIUYamin 2pasimayituHii NO8EepXHI.

Pozenanymuii  npuxknao nobyoosu niniiuamoi noeepxHi, AKa Npu  8i00OMOMY
Koegiyicumi mepms 3abe3neyuna 6 pyx wacmuxu nO 28UHMOGIL AiHil, 3A0AHIl KYMOoM
RIOUOMY [ CMANOI0 KPUBUHOIO.

Taxooic nagedenutl npuxiad noOyo0osu JIIHIUYAMOI NOBEPXHI, AKA NPpU GIOOMOMY
Koeiyicumi mepms 3abe3neyuna O NPUCKOPEHUU pYX YACMUHKU NO MNOBEPXHI 13
NOCMIUHUM KYMOM

Pesynomamu npoeedeHoeo O00CTIOJHCEHHSL  0alomMb  MONCIUBICIb  KOHCIMPYI08AmMU
JUHIUYAmMy noGepxHIO 3a 3A0AHOI0 MPAEKMOPIEIO PYXY MAMepianbHoi YacmuHKy nio i€l
CUTIU BIIACHOL BA2HU.

Kuro4oBi ciioBa: siiniituama nosepxusa, mpackmopisa pyxy, 26UHmMo6a JiHis
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