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Abstract. With a certain assumption, the load, which during relative movement
along the bottom of the body makes translational movement, can be taken as a material
point. In this case, finding the relative movement of the load in the body when the car
moves along the road with a spatial axis is reduced to finding the relative trajectory of the
material point.

In knownworks, itis proposed to use the accompanying trihedron of the trajectory
of the transfer motion and Frenet's formula to find the absolute acceleration vector of a
point. The independent variable is not time, as in traditional problems, but the arc
coordinate of the transfer trajectory, since only under this conditioncan Frenet's formulas
be applied. The vector of absolute acceleration is obtained in projections onto the vertices
of the moving accompanying trihedron, without looking for individual components
(transfer, relative, and Coriolis acceleration), as is done in traditional approaches.

The purpose of the study is to investigate the relative movement of the load, taken as
a material point, along the bottom of the body of a truck moving along a curvilinear
section of the road with a spatial axis during its ascent or descent.

The spatial curve is characterized by two parameters that depend on the kinematics
of the accompanying Frenet trihedron. These parameters are the curvature k and the twist
o of the curve. Their values at any point of the curve will be determined if the
dependencies k=k(s) and c6=a0(s) are known, where s is the arc coordinate (the arc length
of the curve). Itisassumed that such a spatial curve is the axis of a curved section of the
road that goes uphill or downhill,

The application of the accompanying trihedron of the curve and Frenet's formulas
made it possible to describe the relative motion of the cargo in the body of a car moving
along a road having a spatial axis with constant and variable speeds. The regularities of
the relative movement of the cargo when the car ismoving on the road, the axis of which
isa helical line with constant curvature and twist, have been found. It was found that there
Is no significant difference between the value of the relative speed of the cargo when the
car moves at a constant speed down or uphill at the initial stage. When braking on a
descent, a significant relative movementof the cargo is observed, whichincreases with an
increase in the braking acceleration, and when climbing, on the contrary, the relative
movement decreases with an increase in the braking acceleration. The regularity of the
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relative movement of the cargo when the car moves along the road with variable curvature
and torsion of the axis line depends on the type of these dependencies as a function of the
length of the arc of the axis line.

Key words: accompanying Frenet trihedron, the bottom of the car body, the
trajectory of the load, the speed of the load, the length of the arc of the axis line

Topicality. With a certain assumption, the cargo, which during the relative
movement along the bottom of the body performs translational movement, can be taken as
a material point. In this case, finding the relative movement of the cargo in the body when
the car moves along the road with a spatial axis is reduced to finding the relative trajectory
of the material point. This task is not simple, since the absolute acceleration of a point is
the geometric sum of the transfer, relative and Coriolis acceleration, the direction and
module of each of which can be variable depending on the trajectory, path and speed of
the car.

Analysis of recent research and publications. In the paper [1], the relative motion
of a particle on horizontal discs with and without blades rotating around a vertical axis was
investigated. In the paper [2], the relative movement of a particle along the inner surface
of a cylinder and other surfaces whose axis of rotation is arbitrarily oriented in space is
considered. The movement of a material point along the inner surface of a cone with a
vertical axis of rotation is considered in the work [3]. All these works are characterized by
the fact that the trajectory of a point rigidly fixed on a moving surface is a circle, that is,
the trajectory of the transfer movement is a flat curve of constant curvature. In work [4],
the theoretical foundations of the relative motion of a point are considered, if the relative
trajectory is a flat curve of variable curvature, and in work [5] — a spatial curve given by
curvature and torsion. In the mentioned papers, it is proposed to use the accompanying
trinedron of the transfer motion trajectory and Frenet's formula to find the absolute
acceleration vector of a point. The independent variable is not time, as in traditional
problems, but the arc coordinate of the transfer trajectory, since only under this condition
can Frenet's formulas be applied. We obtain the vector of absolute acceleration in the
projections onto the vertices of the moving accompanying trihedron, without looking for
separate components (transfer, relative, and Coriolis acceleration), as is done in traditional
approaches.
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The purpose of the study is investigate the relative movement of the cargo, taken
as a material point, along the bottom of the body of a truck moving along a curvilinear
section of the road with a spatial axis during its ascent or descent.

Materials and methods of research. The spatial curve is characterized by two
parameters that depend on the kinematics of the accompanying Frenet trihedron. These
parameters are the curvature k and the twist o of the curve. Their values at any point of the
curve will be determined if the dependenciesk =k (s ) and o=a('s ) are known, wheres is
the arc coordinate (length of the arc of the curve). We will assume that such a spatial curve
Is the axis of a curvilinear section of the road going uphill or downhill (Fig. 1). Let's build
a corresponding trihedron at point A of the road axis so that the point of the tangent 7 is
directed in the direction of the car, and the point of the main normal n is towards the center
the curvature of the curve, ort binormal b- up perpendicular to both previous orts. All
three unit angles are mutually perpendicular. Let's assume that the rectangle built on the

orts extended in the opposite direction 7 is nthe bottom of the truck body (Fig. 2, ).

Fig. 1. A road section with a curvilinear spatial axis in the form of a spiral line
on an earth embankment:
a — axonometric image; b — top view

If the Frenet trinedron (car) moves along the axis of the road at a speed v,, and in
its body at this time a material point moves, described in the general case by three

equations:
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a b
Fig. 2. To determine the relative movement of a point in the body of a truck:
a — diagram of the location of the car body relative to the accompanyingtrihedron of the
road axis;
b — diagram of decomposition of the weight of a material point (the main normal n'is
projected into a point, and the bottom of the body is projected into a line segment)
P.=p.(8):  P=p(S); Py =pu(9), 1)
where p_, p_ip, —the projections of a material point in the body of the car onto the orthos
of the tangent 7, the main normal nand the binormal b, respectively, then the absolute
acceleration w of its movement will be determined from the expressions [5]:
w, =V v, (L-kp, + p)) +V [p! =K'p, —k(kp, —op, +2})];
w, =V, (kp, —op, + o) +V2[pl —K'p, —olp, +k(L—kp, +2p)) —o(op, +20))];  (2)
W, =V v, (op, + p;) + V2 [} + o', + o (kp, — op, +2p})].

Research results and their discussion. In our case, the material point moves along
the bottom of the body, therefore p, = o, = o =0. Considering dependencies (1) to be
unknown (except for the last one), we will formulate the differential equation of the
absolute motion of the point in the form:

mw=F (3)
where m is the mass of the particle; w- absolute acceleration vector; F- uniform force
vector.

Let's write equation (3) in projections onto the orthos of the moving Frenet trihedron.
We will take the slope line as the spatial axis of the road, so the angle £, which is the
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ortho tangent to the horizontal plane, will be constant at all points of the curve (Fig. 2, b).
Taking this into account, we write:

mw. =—F,_ —mgsin f;
mWn :_FTn; (4)
mw, =-mgcosS+ N,

whereF, and F, - the components of the friction forces in the projections on the

corresponding points;
N is the reaction force of the body bottom; g = 9.81 m/s °.
From the last equation (4), we find the pressure force N:
N =m(w, + g cos f3). (5)
If the coefficient of friction f is known, then the force of friction is equalto F, = fN. It is

directed in the direction opposite to the direction of relative motion, that is, its direction
coincides with the tangent to the relative trajectory. Taking this into account, the

components of the friction forces on the orths zwill n be written:

FTr == prT ; FTn ==

Substituting (5) into (6) and (6) into (4), we get:

_ fm(w, + gcos £)p]

fNp;

— 6
I

mw_ = —=—— —mg sin S;

'\/pr +pn (7)
W = — fm(w, +zg cos 2ﬂ) ol .

VAL +

We reduce both equations (7) by the mass m and substitute the absolute acceleration
expressions from (2), taking into account that p, = p, = p! =0. After the transformations,

we get:
" ' ' fp; V;.\ ' 1 g
pl=Kp, +klkp, +2p,)-——=—| L ap, +op, + o (kp, +2p;) + =508 | -
VAL Py LVa Va

- sin -2 (1—kp, + p.);
Va Va (8)

pr=Kp. —k({L—kp, +2p.)+c%p, -

= {V—Aapn +op,+okp, +2p.) +%C08ﬁ} —V—A(ka +4).
P2+ % Va Va Va

!
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The system of differential equations (8) includes two unknown functions: po. = p_(s) and
o, = p,(s) . Differential characteristics the axes of the road k = k (S) and o=0(S), as well as

the speed v, of the movement of the trihedron (car) must be specified.
Let's consider examples. Let the axis of the road be a helical line with an elevation angle
B, which is described by parametric equations:

x=acos[wsj; y=asin[?s); z=ssin 3, (9

a
where a is a constant value equal to the radius of the circle — the horizontal projection of
the helical line (road axis).
The curvature and twist of the helical line (9) are also constant values, which are found

by the well-known formulas:

(= Cos°p. o Sinpcosf (10)

a a

Substituting (10) k=o' =0into (8), we obtain a system of two differential equations of
the second order with respect to unknown functions p, = p_(s) and p, = p,(s) . Its solution

carried out by numerical methods with initial conditions according to which the position of
the cargo before the start of the relative movement coincides with the origin of the
coordinates of the trinedron, i.e. the cargo is located in front of the body in the left corner
of the bottom (Fig. 2a). Initially, the integration was carried out at a constant speed of the
car v , = 10 m/s and values of constants a = 20 m; f=0.3. The relative trajectory (trace of
the cargo on the bottom of the body) was built according to the results of system
integration (8), and the relative speed of the cargo according to the formula [5]:

V=V o+ ol (11)

In fig. 3, graphs of the relative speeds of the cargo are plotted, and in fig. 3, b — relative
trajectories of movement along the bottom of the body for different angles S when moving
the car on a section of the road center line s = 15 m,

132



"Enepzemuxaiaemomamuxa', Nl 2024 p.

n
v, 4 0 4 >
I
MiC 7
3.5} 3
05
3 2
2.5} ]
2t \
b 2
0.5}
0 S,
0 5 10 15 M 2
a b

Fig. 3. Graphs of relative speeds and cargo trajectories (1 — =0 ° (horizontal road);
2- p=10° (lift); 3 - p=-10 ° (descent):

a — graphs of relative speeds; b — relative trajectories

From the obtained results (Fig. 3), we conclude that there is no significant difference
between the value of the relative speeds of the cargo when the car is moving at a constant
speed on a horizontal road, down or uphill at the initial stage (within 15 m of the car's
movement). If in the transverse direction to the opposite side in all three cases the cargo
moved approximately 2 m , then the movement along the direction of movement of the car
Is significantly different: a significant backward movement during ascent and a slight
forward movement during descent.

Let's determine the maximum speed of the car at which the relative movement of the
cargo is possible. Equating the components of relative motion and their derivatives to zero

from the second equation of system (8) we obtain (at the same tim— o / P2+ p? =1, since

possible relative movement is directed along the main normal in the direction opposite to
its direction):

k= f—cosﬂ : (12)

2
A

Substituting the curvature expression (10) into (12), we solve with respect to v,:

_ |afg
V, = c0sf (13)

A
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At a vehicle speed lower than the limit value (13), the relative movement of the cargo

is impossible. For our case (a=20m; f=0.3) v , =7.67 m/s for =0 ° (horizontal road) and

Va =7.73 m/s for p=+10 ° (ascent or descent). Thus, when climbing or descending, the

critical speed should be greater than ona horizontal road. This is explained by the fact that
the helical line (road axis) has a smaller curvature than its projection (circle).

The relative movement of the cargo is also possible in the direction of the

r orthogonal tangent at variable speed of the vehicle. In this case, the relative movement

of the cargo can begin even with the car moving in a straight line when it reaches a certain

acceleration. To find its value, let's equate the components of the relative motion and their

derivatives to zero in the first equation of system (8). Taking — o’ / P2+ pl? =1, since the

possible relative motion is directed along the tangent rin the direction opposite to its

direction, we obtain:
dv, :
VAE:g(fcosﬁ—sm,B). (14)

Let us show that the left part of expression (14) is the acceleration as a function of
time:

wA=%=%$=vA%. Thus, the maximum acceleration of the car, at which

relative movement is possible on a straight section of the road, will be determined from the
expression:
w, = g(f cos S —sin ). (15)
For example, for the received dataw , =1.2 m/s >when the car moves uphill (5=10 °),
W A =2.9 m/s *for =0 ° (horizontal road) and w » = 4.6 m/s *during descent (8=-10 °).
Now consider the uniformly accelerated and uniformly decelerated movements of a
car on an uphill or downhill slope in the form of a dependence v, =v,, + w,swhere v, IS its

initial speed. As the initial speed, we will take its limit value, found earlier, at which the
relative movement of the cargo begins under the action of centrifugal force during ascent
or descent.
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Fig. 4. Graphs of relative velocities and trajectories of cargo during uniform,
uniformly accelerated and uniformly decel%rated downward movement of the car
(p=-10"):

a— graphs of relative speeds; b — relative trajectories

In fig. 4 graphical dependencies are displayed when the car descends on a curved
road. The smallest relative movement of the cargo was carried out at a constant speed of
the car. When accelerating the car from this speed with an acceleration of w,=0.5 m/s® the
cargo moves backwards along the path of the car, and when braking with an acceleration
of w, =-0.2 m/s 2, it moves forward. The picture is somewhat different when lifting the
car. In all driving modes, the cargo moves back along the vehicle's path (Fig. 5). Studies
have shown that with sharp braking, the value of the relative movement of the cargo

approaches zero.
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Fig. 5. Graphs of relative velocities and trajectories of cargo with uniform, uniformly
accelerated and uniformly decelerated movement of the car uphill (8=10°):

a— graphs of relative speeds; b — relative trajectories
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We considered the relative motion of the cargo in the case when the car moves along

the road, the axis line of which is a helical line. This is the only spatial curve of its kind
with constant curvature and twist. This, in turn, leads to a certain regularity of the relative
movement of the cargo. For example, if a car moves at a constant speed on the road, as if
on a helical surface, making successive turns after turns, then the cargo will move in the
body all the time, gaining speed at the same time (provided that the bottom of the body is
not limited by the sides). In fig. 6 shows the graphical dependences for the relative motion
of a cargo in the body of a car moving at a speed of 10 m/s down, uphill or in a circle,
making two complete turns. From fig. 6,b it follows that the longest relative trajectory is
described by the cargo on the body of the car moving uphill. There is an explanation for
this, because the component of the weight of the cargo is mg sin g (Fig. 2, b) acts on the

cargo along the tangentz in the direction opposite to orthogonal, which favors relative

motion.
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Fig. 6. Graphs of the relative speeds and trajectories of the cargo when the car is
moving at a speed of v, = 10 m/s (1 — p=0 ° (horizontal road); 2- =10 ° (lift); 3 - p=10
? (descent):

a— graphs of relative speeds; b — relative trajectories

Now consider the case when the axis of the road is a spatial slope curve with variable
curvature and twist. If we take a chain line as the horizontal projection of such a curve,
then the curve itself will be described by parametric equations:
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X = acosﬂArshG); y=cosp a’+s*; z=ssinp, (16)

where a is a constant value; S is the angle of rise of the curve (also a constant value).

Fig. 7. Axonometric image and top view of a road in which the horizontal projection
of the axis line is a chain line

In fig. 7 shows a section of the road, the axis of which is a curve (16) at a=25 m;
p=10 °. To use the system of differential equations (8), it is necessary to have the
expressions of curvature and torsion and their derivatives. For curve (16), they will be
written:

acosf asin g
T2, 2 O=—75 2
a‘+s a‘+s
2ascos [ , 2assin S

K'= X o' = .
(a2 +52)? (a2 +2)?

It should be noted that substituting (17) into (8) and integrating the system makes it

k
(17)

possible to find the relative movement of the cargo at different values of the angle p,
including =07, i.e. for a horizontal road. Such a case was considered in [5] when v , =10
m/ s The generalized system (8) gives the same results for the same initial conditions in the
case of car movement on a horizontal road ( f=0°).

Let's consider the movement of a car uphill or downhill with constant and variable
speeds. Studies have shown that at a constant speed of the car, the relative movement of
the cargo begins on a certain section of the road and stops when the curvature of the axis
decreases to a critical level. At the same time, the relative speed and, accordingly, the
length is relative trajectories are larger when the car is moving at p#0 (i.e., when going
downhill or going uphill). From fig. 8, and it can be seen that the relative movement of the
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cargo begins at the same point of the road, regardless of the ascent or descent, but

continues longer when descending.
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Fig. 8. Graphs of relative velocities and trajectories of the cargo when the car is
moving at a speed of v ,= 10 m/s along the road, the axis of which has variable
curvature and torsion:

a — graphs of relative speeds; b — relative trajectories

When the car accelerates, the relative movement of the cargo is significantly
different when the car moves uphill and downhill (Fig. 9). If during the descent the cargo
stops with an insufficient amount of acceleration of the car w,, then during the ascent it
sharply gains corresponding trajectories of the relative movement of the cargo
speed with the same modes of movement (for example, even with the minimum
acceleration w,=0.05 m/s 2 the cargo does not stop). However, if you start braking to lift
the car at the initial speed v, =10 m/s, then the cargo will not move relative to the body.
Only at the initial speed v, = 15 m/s does it start moving and stops even before the car
stops (Fig. 10). Studies have shown that with sharp braking when the car descends, it is
possible for the cargo to stop relative to the body at the same time as the car stops.
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Fig. 9. Graphs of the relative speeds of the cargo at a constant speed and acceleration
of the car (a=25; f=0.3 ):
a—descent (5=-10°); b —rise (5=10"°)
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Fig. 10. Graphs of relative velocities during braking on a climb (=10

Conclusionsand perspectives. The application of the accompanyingtrihedron of the
curve and Frenet's formulas made it possible to describe the relative motion of the cargo in
the body of a car moving along a road having a spatial axis with constant and variable
speeds. The regularities of the relative movement of the cargo when the car is moving on
the road, the axis of which is a helical line with constant curvature and twist, have been
found. It was found that there is no significant difference between the value of the relative
speed of the cargo when the car moves at a constant speed down or uphill at the initial
stage. When braking on a descent, a significant relative movement of the cargo is
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observed, which increases with an increase in the braking acceleration, and when
climbing, on the contrary, the relative movement decreases with an increase in the braking
acceleration. The regularity of the relative movement of the cargo when the car moves
along the road with variable curvature and torsion of the axis line depends on the type of
these dependencies as a function of the length of the arc of the axis line.
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3HAXO/UKEHHSA BZTHOCHOI TPAEKTOPII PYXY BAHTAKY B KY3O0BI
ABTOMOBLIA, IKUH CIIYCKAETBCS ABO HNIJTHIMAETBHCSI
KPUBOJITHIMHOIO AIJISTHKOIO JOPOTH
A. B. Hecgioomin, C. @. Iununaxa

AHOTAUISA. 3 neGHUM OONY W eHHAM 8AHMANC, AKUU NPU 81OHOCHOMY NepemiujeHHi no
OHUWY KY3080a 30IUCHIOE NOCMYNATIbHUU PYX, MOJICHA NPUUHAMU 30 MAMEPIalbH) MOYKY. B
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MAaKkomy 8UNAOK)Y 3HAXOOHCEHHS 810HOCHO20 NepeMiujeH sl 8aHMANCY 6 KY308i Npu pyci
asmomobins 00po2or i3 NPOCMOPOBOIO BICCIO 3600UMBCSL 00 3HAXOOHCEHHS 8IOHOCHOT
Mpaekmopii MamepiaibHOl MOYKU.

YV 6ioomux npaysax onsa 3Haxo0dcenHs 6eKMope abcontomuo20 NPUCKOPEHHS MOYKU
3anpPONOHOBAHO 3ACMOCO8Y8AMU CYNPOBIOHUN MPUSPAHHUK MPAEKMOPII NEPeHOCHO20
pyxy ma gopmynu Dpere. 3a ne3anedHcHy 3MiHHY NPUUHAMO He Yac, K Y MpaouyiiHux
3a0auax, a 0y208y KOOpOUHamy nepeHoCHOi mpackmopii, OCKiIbKU MilbKU 3a Yiei ymosu
MooicHa  3acmocyeamu  opmynu  Dpene. Bexmop abconrommHo20 NPUCKOPEHHS
OMPUMYEMBCS 8 NPOEKYIAX HA OPMU PYXOMO20 CYNPOBIOHO20 MPUSPAHHUKA, HE
DPOUWYKYIOUU OKPEMUX CKIAO08UX (NePEeHOCH020, 810HOCHO20 | KOPIOJLiCO8020 NPUCKOPEHD),
5K ye pooumvcs y mpaouyiiHux nioxooax.

Mema oOocniddcenns - Oocnioumu 6iOHOCHUL PYX BAHMAICY, NPUUHAMO20 3d
mamepianoHy mMoOuKy, NO OHUWY KY308d 8AHMANCHO20 ABMOMOOLISA, AKUU DYXAEMbCS
KPUBONLHIUIHOIO OLISIHKOI0 00PO2U 3 NPOCOPOBOIO BICCIO NPU 1l020 NIOUOMI AOO CNYCKAHHI
BHU3.

lIpocmoposa kpusa xapakmepu3zyemuvcs 080Ma NApamempam, 8i0 AKUX 3anNeHCUMb
KiHemamuka cynpogionoco mpucpannuka @pene. Taxumu napamempamu € KpueuHa k i
cKpym ¢ kpusoi. Ix 3nauenns 6 6y0b-aKiii mouyi Kpusoi 6y0ymo eusHaveHi, AKU0 8i00Mi
3anesxcnocmi k=k(s) i o=o(s), de s — O0yeosa Koopounama (008ducUHA OyeU KPUBOI).
Lputinamo , wo maxow npocmopo8oI0 KPUBOIO € 8iCb KPUBONIHIUHOI OLNAAHKU 00PO2U, KA
ti0e Ha niouom abo Ccnyck.

3acmocysanus cynpogiono2o mpucpaHHuka Kpugoi ma ¢opmyn Dpene odano
MOIACTIUBICIb ONUCAMU 8LOHOCHULL PYX 8AHMACY 8 KV3081 a8MOMODINSA, SAKUU PYXAEMbC
00p02010, KA MAE NPOCMOPOBY 8iCb, 13 NOCMIUHOI0 MA 3MIHHOIO WEUOKOCAMU. 3HAUOEHO
3AKOHOMIPHOCTI 8i OHOCHO20 PYX) BAHMAMNCY NPU PYCi ABMOMODLISL 00P02010, 8ICCHO AKOI €
2BUHMOBA LI HIA I3 NOCMIUHUMU KPUBUHOIO I CKPYMOM. 3 'SC08AHO0, WO CYMMEBOL pi3HUYi
MIDIC 8EIUHUHOIO 8IOHOCHOI ULBUOKOCMI 8AHMANICY NPU PYCI ABMOMOOIIS i3 NOCMIUHOIO
WeUoKicmio 8HU3 abo Ha niouomM Ha novyamkogomy emani Hemac. lIpu eanvmyeanti Ha
CNYCKY CNOCMepieacmuvCsl 3HAUHe GIOHOCHE NepeMileHHsi 8aHmadicy, sKe pocme i3
30IIbULEHHAM NPUCKOPEHHS 2allbMYB8AHHS, a Npu NiOUOMI — HABNAKU, BIOHOCHE
nepemiueHHs 3MeHUYEMbCA 13 301TbUUEHHAM NPUCKOPEHHS 2AlbMYB8aAHHS. 3AKOHOMIDHICb
BIOHOCH020 NepeMiueHHs BGAHMAdCy Npu pyci asmomoOins 00po20r 13 3MiHHUMU
KPUBUHOIO I CKPYMOM OCbOBOL NIiHII 3anexcums 8i0 8Udy Yux 3anexicHocmell y yHKyii
008HCUHU OY2U 0CbOBOT TIHII.

KurouoBi ciioBa: cynposionuit mpuzpannuxk @pene, Onuuie Ky3oea agmomooins,
MPAEKM OPIsA pyxXy 6AHM ANHCY, WIBUOKICH b 6AHM ANCY, 008HCUHA OY2U O0CbOBOT IHIT
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