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Abstract. In many technological processes of agricultural production there is an
interaction of the moving particle with the rough surface. Determination of the laws of
motion of a particle on the plane of an arbitrary position in three-dimensional space
allows to perform the calculation of structural-kinematic parameters of the working
bodies.

Computer simulation of particle motion allows to replace cumbersome analytical
transformations and provide a dialog mode for carrying out the necessary computational
experiments to analyze the motion of a particle under different initial conditions of its
throwing on any rough surface, which is in a certain way located in space.

The purpose of the study is to model the trajectory of motion of a particle on a
surface in its internal coordinates.

The general algorithm for modeling the motion of a particle on an arbitrary surface
Is based on its internal geometry, which is expressed by the coefficients of quadratic
shapes, curved lines on the surface, and accompanying triangles.

The paper describes the formation of a particle trajectory on a surface in its internal
coordinates.

Various approaches to the formation of the trajectory of the particle T in the inner
U V. curvilinear coordinates of the surface R(u,v), have been considered, which have
their peculiarities by controlling its independent parameter: time £, position u v,
direction of motion @, length s

The given equations of the trajectories r(t) r(u) r(v) r(e) and r(s) in the inner

U, V- coordinates of the surface R(u,v) are necessary and sufficient to determine in the
general form their trajectory-kinematic characteristics, respectively, in the function of
independent parameterst u v aand s
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Topicality. The "rough work surface - moving particle” interaction takes place in
many technological processes of agricultural production. production. A characteristic

example of such interaction is the movement of granules in mineral fertilizer dispensers

[1].
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Establishing patterns of motion of a particle (as a material point) on a rough surface
allows to calculate the structural-kinematic parameters of the working bodies.

Analysis of recent research and publications. The complexity of the analytical
description of the motion of a particle on a rough surface leads to the use of simple in
shape surfaces and their partial positions in space. To simplify the analytical
transformations of the derivation of the law of motion of a particle on a rough surface in
the form of a system of differential equations of the 2nd order and their solution, each
scientist individually adopted one or another system of reference - Cartesian rectangular,
cylindrical, spherical, etc.

Computer technologies make it possible to efficiently solve certain stages of motion
modeling of a particle on a rough surface, for example, to approximate the system of
differential equations of any complexity, to graphically refine the trajectory-kinematic
characteristics, etc. [2].

The development of computer-based symbolic computing technologies completely
eliminates the time-consuming analytical transformations for shaping the law of motion of
a particle on a rough surface, leaving only an interactive computational experiment [3].

The purpose of the study is to model the trajectory of motion of a particle on a
surface in its internal coordinates.

Materials and methods of research. The general algorithm for modeling the motion
of a particle on an arbitrary surface is based on its internal geometry, which is expressed
by the coefficients of quadratic shapes, curved lines on the surface, and accompanying
triangles.

Results of the studies and their discussion. We show the formation of the trajectory
of a particle on a surface in its internal coordinates.

An arbitrary initial surface R(u, v) on which a particle moves will always be given in

vector-parametric form:
R(u,v) = R[x(u, v),y(u,v),z(u,v)], (1)

where u, v - internal coordinates (scalar arguments) of the surface R(uw, v).
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Then any curvilinear trajectory r of a particle on the surface R{u, v) an be expressed

by a certain dependence f(u,v) =0, which binds u and v — curvilinear internal

coordinates of the surface R(u, 1) as a function of some independent parameter. For
example, from time t the trajectory of a particle will be represented by the expressions:

u=u(t) v=uv(), (2)

Substituting them to equation (1) of the surface R(u, v) will determine the radius

vector r(t) of the position of the particle (its trajectory) in the Cartesian Oxyz coordinate

system::

r(t) = Rlu(t), v(t)] = r[x(u(t),t?(t]),y(u.(t),t:'(t]),z(u(t], v(0)] (3)

where t € [t,,ty] - the start and end values of the independent parameter .

The differentiation of the functions x(t), y(t) and z(t) provides the continuity and
smoothness of the trajectory r(t) of the particle, which allows to determine the necessary
geometric and kinematic properties of its motion, in particular:

the vector of tangent 7(t), coinciding with the velocity vector V(t):

o) = V(©) = Sr(®) =7 [5x(0, 5y, 5 2(0)].

(4)
vector of acceleration w(t):
w(®) = 570 = L(Tr0) =w[Z20 Zy0, Za0]
curvature k(t):
lz(t) xw(t)]
KO =" ©)
length s(t) of the arc of the trajectory r(t) (traveled by a particle):
s(t) = [lz(®)| = [dsdt (7)
where ds - differential arc:
ds = \/(i x(t)) + (iy(t]) + (iz(t]) dt
, (8)

and other vector and numerical dependencies in the function of the variable parameter t.
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The acceleration vector W(t) = w(t) of the particle, as a derivative of velocity

vector V() over time t, is written in the following expanded form:
W =<V =V[S 0, Sy0,5 2] =

L@ () =<V () + V(O k(D nls) =W, + W, ©)

where Wi W, - vectors of tangential and normal acceleration.

If, for the independent parameter £ we take the u- curvilinear coordinate (t = ), then
the trajectory of the particle in the inner u, v-coordinates of the surface R(u, v) will be
expressed by several other expressions:

u=u,v=uvu (10)
or in the coordinate system Oxyz:
r(u) = Rlu, v(w)] = r[x(u, v(w)), v, v(w)), z(u, v(uw))], (11)

Parameter t can also be taken as a v-curvilinear coordinate (t = v), where the
particle trajectory in the inner u, v-coordinates of the surface R(u, v) and in the Cartesian
coordinate system Oxyz will have, respectively:

u=u),v=uv (12)

and
r(v) = Rlu(v),v] = r[x(u(v),v),y(u(v),v), z(u(v), )] (13)
For the surface R(u,v) with orthogonal u, v- coordinate lines (figure), the ratio of

their differentials is:

'-.-'Edu _ ctg(f:r(u])

VE du (14)
where E, G - coefficients of the 1st quadratic form, which are calculated through partial

derivatives of surfaces R(u, v):

E=(R)*= (%xl:u. ) + (;;u}f(u.vjjz + (%z(u,v]]z’ )

6 = (R? = (5@ v))? + Gy v)) + (G 2w v)” (16)

With the help of dependence (14) it is possible to form the trajectory r(a(u)) of the
particle on the surface R(u, ') in the function of an independent variable e(u) — the angle
104



"Enepzemuxka i agmomamuxa', Nel, 2020 p.
between the tangent 1 trajectory and a certain fixed direction through the internal

u, ¥ — coordinates:

U=uv= f:—g ctg(ow) d”, (17)

which in the Oxyz Cartesian coordinate system will look like:
r(e(w) = R[w [ £ ctg(a(w)) du =
rlx (w 3E etg(aG) du),y (u [ ctg(a(w) du),z (u.f 32 ctg(ew)) du)] (18)
Also, for the surface R(u, v) with orthogonal u, v_ coordinate lines (figure, b), the

relation of the differentials VE du and VG dv to the differential ds 1 of the arc of the

trajectory can be written by expressions:

"'idu = sin.(a{u]), "'ijv = cas(a{u])’

s

(19)
where does the trajectory r(s) of a particle as a function of the independent variable s

(longitudinal parameter) in the internal u, - coordinates look like:

u(s) = J- sm{z{u]}ds (s) = f GGSE%{U)}dS -~

or in the Oxyz Cartesian coordinate system:

in{ alu) (lu)
T(.S‘:] =R |:_Jr smt_;d ]rff.‘_;‘J._Jr CM\I;_;J ]ds] =

. |:x (Jn Si”i_:;u:l] d.S‘,_Jr cosi;:u:l]ds)’}r (J,- si:zi:tf':u:l] d.‘S‘,_Jr cosi;:u:l]ds)’z(f szuL:;.a:l] ds J,- casl:t'.a:l] ds)] (21)

Each of the above approaches to forming the trajectory r of the particle in the inner

u_ v_curvilinear coordinates of the surface R(u,v) has its own peculiarities by controlling
its independent parameter -t u v a s (table). For example, the equation of the trajectory

r(u) of a particle as a function of the independent parameter u, which determines the v-
coordinate line of the surface with the particle on it, allows us to study its kinematic

parameters on the bounded part u = [u,,u,] and v = [v,,v,] of the surface R(u,v)

where u,, v, - re the internal coordinates of the initial position of the particle on the

surface. The formation of the trajectories (&) as a function of the angle a{u) m between

the vector 7 of the tangent trajectory and the v —coordinate lines of the surface R(u, v)
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allows us to study the motion of the particle at the interval = [a,, &, ], where % - is the
initial angle of direction of the particle being thrown. For example, at @, = 0 the particle
begins to move along the v-coordinate line of the surface R(u, v), a npu &, = m/2 - along

the u-coordinate line of the surface..

Figure. Specifying the trajectory of a particle in the internal coordinates of the
surface:

a — trajectory on the surface; b — surface coordinate line differentials

The equations given in the table of the trajectories r(t) r(u) r(v) r() and r(s) in

the inner u, v coordinates of the surface R(u, v) re necessary and sufficient to determine y
their general trajectory-kinematic characteristics, respectively, in the function of

independent parameterst u v aand s,

Conclusions and Prospects.
1. A method of computer simulation of particle motion on a rough surface is
developed, which is based on the internal parameterization of the surface.
2. The computer-aided implementation of the particle motion simulation on a rough
surface has been shown to be general and effective.
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1. The trajectories r of the particle in the inner u, v coordinates of the surface

R(u,v)
Parameter Internal coordinates Trajectory
time t u = ul(t), r(t) = R[u(t), v(t)]
v =v(t)
position U v”:ﬂ:;] r(u) = Rlu, v(w)]
position V u=u), r(v) = Rlu(v),v]
r=1u

direction of =u,

vﬁu r(c) =R [u, f E ctg(n:(u.)) du
movement & | v = fv_T ctg(a(u)) du VE

length § u(s) :J’ sin.E%(u)) ds | r(s) = R U’ sin.E%(u))dS'J’ CGSE%(“))dSl

v(s) = J‘—CGSE%(HJ) ds
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MOJIEJTJIOBAHHS TPAEKTOPII PYXY YACTUHKHU HA IMOBEPXHI V ii
BHYTPIHIHIX KOOPJINHATAX
A. B. Hecgioomin

AHoTalisl. Y Oacamvox mexHonO2iUHUX NpoOYyecax  CilbCbKO2OCNOOAPCLKO2O
BUPOOHUYMEA MAE Micye B83aEMOOIsl PYXOMOI YACMUHKU 3 UWIOPCMKOK HOBEPXHEIO.
Busnauenns 3axomomipnocmetl pyxy 4acmuHKU HO NIOWUHI OO0BLILHO20 NOJIONCEHHA 8
MPUBUMIDHOMY ~ NPOCMOpPI  00380J4€  GUKOHAMU  PO3PAXYHOK  KOHCMPYKMUBHO-
KIHeMamuyHux napamempis pobouux opeamis.

Kowmn'tomepne mooOentosanus pyxy uACmMuHKuU 0038014€ 3AMIHUMU 2POMI3OKI
AHANIMUYHI nepemeopeHHs 1 3abe3nedumu OiAlo208Ull  pedcum Ol NPOBEOeHHs
HeoOXiOHUX O00YUCTIOBATbHUX EeKCHNEPUMEHMIE 3 aHANi3y pYyXy YaCMUHKU 34 pPIZHUMU
BUXIOHUMU YMOBAMU I KUOAHHS NO 0)0b-AKIll WOPCMKIU NOGEPXHI, SIKA NEGHUM YUHOM
PpO3Mauio8ana 6 npocmopi.

Mema Oocnidaicennss — M0Oen08anHs MPAEKMOpIi pyxy YACMUHKU HA NOBEPXHI ) ii
BHYMPIUHIX KOOPOUHAMAX.

B ocnogy 3acanvnoco ancopummy MmoO0ent08amHs pyXy UACMUHKU NO OO0GLIbHIU
NOBEPXHI NOKIAOEHO ii 6HYMPIWHIO 2eoMempilo, KA BUPANCAEMbCA Yepe3 Koeiyienmu
K8AOpamuyHux ¢popm, Kpusi ainii Ha No8epxHi, CYynposiOHi MpucpanHuKu.

YV cmammi nasedeno ¢opmysanns mpackmopii 4acmuHKU Ha NO8epxHi y il
BHYMPIUHIX KOOPOUHAMAX.

Poszenanymo pisni nioxoou oo gopmysanus mpaekmopii uacmunku U y eHympiwimix
U Vokpugoniniiinux KoOOpOUHamax noGepxui R, v), 9% yqi0my ceoi ocobmusocmi 3a
DPAXYHOK ynpasninns ii nezanexcnum napamempom: yac t, TOMOKEHHAU UV panpay pyxy
0 JOBKHHAS

Haseoeni pisnsanns mpackmopiii r(t) r(w) r() r(o) ; ris) vy enympiwnix U:V-
koopounamax nosepxni RU.V) ¢ neobxionumu i docmammuivu 01 eusHauenms y
3a2AnbHOMY 6UNA0I IX MPAEKMOPHO-KIHEMAMUYHI XAPAKMEPUCMUKYU  BIONOBIOHO Y
@yuxyii nezanexcuux napamempis t, U,V o i S,

Kuawuosi cioBa: MmamepianbHa MmMOUKaA, MPAECKMOPIA pyxy, GHYMPIUIHI
Koopounamu

MOIAEJIUPOBAHUE TPAEKTOPHUMU JIBUXKXEHUSA YACTUIIBI HA
INOBEPXHOCTMU B EE BHYTPEHHUX KOOPIUMHATAX
A. B. Heceuoomun
AHHOTAUMS. Bo MHO2UX MeXHON02UYEeCKUX NPOYeccax CelbCKOXO3AUCBEHHO20
npouU3800CmMea umeent Mecmo 63aumooelicmeue nOOBUNCHOU HACMUYbL C UepPOXo8amou
nogepxuocmoio. OnpeodeiieHue 3aKOHOMEPHOCMEN O0BUNCEHUS. YaACMUYbl NO NAOCKOCHU
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NPOU3BONLHO2O NONONCEHUSL 8 MPEXMEPHOM NPOCMPAHCIGEE NO380J5em  GbINOJHUMb
pacuem KOHCMPYKMUGHO-KUHEMAMUYECKUX Napamempos padbouux opeaHos.

Komnviomepnoe mooenuposanue o0sudicenusi uacmuyvbl NO360711em 3AMEHUMb
2POMO30KUE aHanumuyeckKue npeoopazosanus u obecneyums OUAIO208bIU PEeHCUM OJis
npogedeHUss HeoOXOOUMbBIX BbIYUCTUMENTbHBIX IKCNEPUMEHMO8 N0 AHAIU3Y OBUNCEHUS]
yacmuysl ¢ pasiudHbiMU UCXOOHBIMU YCIOBUAMU ee OPOCanusi no aodol uepoxosamotl
HOBEPXHOCU, ONPEOesIeHHbIM 00PA30M PACHONONACEHHOU 8 NPOCMPAHCIEE.

Llenv uccnedosanus - MoOenUposanue MmMpaeKmopuu OBUNCEHUS YACTUYbL HA
NOBEPXHOCIU 8 ee BHYMPEHHUX KOOPOUHAMAX.

B ocHosy obweco ancopumma MOOENUPOBAHUS  OBUICEHUS  YACTMUYbL 1O
NPOU3BOILHOU  NOBEPXHOCMU  NOJONCEHA ee BHYMPEHHAs 2eoMempus, Komopas
guipasicaemcs. uepes Kodguyuenmovl K8AOpamuuHou Gopmvi, Kpuevle JIUHUU HA
HOBEPXHOCU, CONPOBOOUMENbHbIE MPEXSPAHHUKU.

B cmamuve npusedeno ghopmuposanue mpaekmopuu 4acmuybl Ha NOBEPXHOCMU & ee
BHYMPEHHUX KOOPOUHAMAX.

Paccmompenuvl paznuunvie nodxoosl k gopmuposanuro mpaekmopuu yacmuywvl I 0
gHympeHHux U, V-Kpusoiunelnvlx koopounamax nogepxuocmu R (U, V), komopwvie umerom
C80U O0CODEHHOCMU 3a Cuem YNpAeleHus ee He3aA8UCUMbIM napamempom. epems t,
noaodiceHue U, V, HanpasieHue 08UdiCeHus a, OJUHA S.

IIpusedennvie ypasuenus mpaexkmopuii r (t), r (u), r (v), r (&) u r () 60 snympennux
U, V-xoopounamax nosepxrocmu R (U, V) sensromesi neobxooumvimu u 00CmMamoyHblMu
01151 onpeoenenus 6 obujem 6ude ux mpaeKmopHO-KUHEMAMUYECKUX XaApaKmepucmux
COOMBEMCMBEHHO 8 (DYHKYUU He3asucumbvlx napamempos t, U, v, o u S.

KiioueBble ciioBa: mamepuanvnas mouka, mpaeKkmopus 08UMNceHUus, 6HympeHHue
Koopounamul
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