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Abstract. The motion of material particles on gravitational surfaces is used in
special devices for their separation by physical and mechanical properties. For this
purpose stationary screw surfaces of a constant step are applied.

The purpose of the study is to investigate helical surfaces with different design
parameters in order to improve their separation ability through mathematical and
geometric modeling of the process without making surface models.

The problem of constructing the trajectory of a material particle on the surface under
the action of its own weight is preceded by the problem of finding the trajectory on an
inclined plane.

Modern software products make it possible not only to find the trajectory of the
particle, but also to show it on the surface and even make an animation, which essentially
replaces high-speed camera recording. This approach makes it possible to study the
kinematic parameters of motion on different helical surfaces without full-scale samples of
these surfaces, which significantly reduces the cost of finding the desired surfaces.

The trajectories of the particle on the surface of the helical conoid and the
deployable helicoid are obtained. It is established that when moving on the surface of a
helical conoid, the particle in the presence of friction first accelerates, and then stops at a
considerable distance from its axis. To prevent this, its need to take a limited compartment
of the conoid both in height and on its periphery. When a particle moves on the surface of
a helicoid, its velocity becomes constant over time, and the trajectory after that will be a
helical line.

The developed approaches make it possible to study the process of material
separation not only after stabilization of motion, but also during the transition process, as
it became possible to visualize it. This will allow you to choose the surface compartment of
the optimal size, which will provide the desired productivity of separation due to the
dispersion of particles with different coefficients of friction on its surface.

Key words: material particle, trajectory, material separation, helical conoid,
helicoid

Introduction. The motion of material particles on gravitational surfaces, that is the
motion of particles on surfaces under the action of its own weight, is used in special
devices for their separation by physical and mechanical properties. For this purpose
stationary screw surfaces of a constant step are applied. In the mining industry, screw
separators with different shapes of axial cross-section (gutter) are used for ore
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beneficiation [1]. Grain separation is carried out on linear helical surfaces, which are
compartments of the oblique helicoid. Seeds with different coefficients of friction move
after stabilization of the process at constant speeds along the helical lines at different
distances from the axis of the helicoid. Despite the fact that such separators are passive
working bodies and do not require energy costs to drive them, they also have
disadvantages. This is a relatively low productivity and low separation ability (small
difference in the trajectories of particles with different physical and mechanical properties)
[2].

Analysis of recent research and publications. The calculation of the relationship
between the kinematic parameters of motion, the coefficient of friction and the design
parameters of the separator was carried out in [3, 4]. In [4] the calculations for the
separator in the case when its surface is a deployable helicoid are considered and made.
The transition process to stabilize the motion of a particle on such a surface is considered
in detail in work [5].

Purpose. Investigate helical surfaces with different design parameters in order to
improve their separation ability by mathematical and geometric modeling of the process
without making surface models.

Materials and methods. Solving the problem of constructing the trajectory of a
material particle on the surface under the action of its own weight is preceded by the
problem of finding the trajectory on an inclined plane. If a material particle with a certain
initial velocity v, and a certain angle of inclination to the horizon falls on an inclined
plane, it will move along a certain curve (in the absence of friction and air resistance, the
trajectory will be a parabola). The centrifugal force caused by the curvature of the
trajectory k, always acts along the main normal of the curve in the opposite direction of its
direction and is determined from the expression mv’k, where m — is the mass of the
particle, v — its velocity. Since the trajectory on the plane is a flat curve, the vector of

action of the centrifugal force is in the plane of the curve. The vector of this force is
included in the basic equation of the dynamics of a point ma=F, where m — is the mass

of the point (particle), a - the acceleration that gives it the equivalent of the forces
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F.applied to the point. If we take the surface, the vector of centrifugal force must be
decomposed into two mutually perpendicular components: one component mvksine acts
in the plane tangent to the surface perpendicular to the direction of motion, the other
mv?k-cose - along the normal to the surface, increasing or decreasing the pressure on
surface, where ¢ - is the angle between the normal to the surface and the main normal of
the trajectory.The expressions kcose =k, and ksing =k, in differential geometry are called
respectively normal and geodetic curvature of the curve on the surface. Normal curvature
Is determined by the coefficients of the first and second quadratic forms, and geodetic - by
the coefficients of only the first quadratic shape of the surface. If we write the main
equation of the dynamics of a point ma=F in the projections on the orts of the
accompanying Darboux triangular trajectory, it will be reduced to a system of differential

equations (detailed derivation of these equations is shown in [5]):

dv
v—=gqcosy — f(gcosw+ vk );
i gcosy — f(gcosw .) )

v’k =gcose,
where f — coefficient of friction; s — is the length of the trajectory arc; g=9,81 m/c* —
acceleration of free fall; v, ¢, o - the angles between the particle weight vector and each
of the orthographs of the triangle.

System (1) does not include the mass of the particle m, because the equations were
reduced to it (this is possible in the absence of other applied forces than the force of
gravity mg, acting on the particle). System (1) describes the motion of a material point on
a gravitational surface in the general case, where the angles v, ¢, @, velocity v, geodesic k,
and normal k, curvature of the trajectory are functions of its arc s or other parameter that
defines the curve on the surface. If the surface is given by the parametric equations
X=X(e, U); Y=Y(a, u); Z=Z(e, u), where « and u — are independent variables, then to
solve system (1) means to find such dependence between variables « and u, that at each
point of a curve which is formed on a surface at the found dependence, were performed

conditions of this system.
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If the system (1) is used for a specific surface, it will be nonlinear and numerical
methods must be used to integrate it. Modern software products make it possible not only
to find the trajectory of the particle, but also to show it on the surface and even make an
animation, which essentially replaces high-speed video recording. This approach makes it
possible to study the kinematic parameters of motion on different helical surfaces without
full-scale samples of these surfaces, which significantly reduces the cost of finding the
desired surfaces.

Results and discussion. Take for example some helical surfaces.
For a helical conoid given by parametric equations:
X =ucosa; Y =using; Z=ba, (2)

where b — is the helical parameter (constant value), the system (1) takes the form [6]:

v sin ,B(thw+ g—ﬂj =bg cos f;
(94
- _ ne W= [ctgBda. (3)
VSIS ’B:—V =gsin g— f(v? sin 29 + gshw),
(04

Fig.1. Graphic illustrations of the motion of a material particle on the surface of a
helical conoid (helical parameter b = 0.6):
a - fthe trajectory of the particle from the beginning of motion to the moment of stopping;
b — the dependence of the change in the velocity of particles with different coefficients of

friction
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The solution of system (3) is two dependences: the velocity of the particle v=v(«) and
the angle /=/(«) between the generators of the conoid and the trajectory. The integration
of the system showed that the particle, starting its motion with an initial velocity close to
zero, first accelerates, moves away from the conoid axis and stops (Fig. 1, a). This is
explained by the fact that as you move away from the axis of the conoid, the angle of
inclination of the trajectory to the horizontal plane decreases and there comes a time when
the particle can no longer overcome the force of friction. The graph of the change in the
velocity of the particle as a function of time (Fig. 1, b) shows that the particles with the
highest coefficient of friction stop the fastest. In the absence of friction and air resistance,
the particle will not stop: its velocity eventually approaches a constant value.

For a deployable helicoid given by parametric equations:

X =Rcosa + (Ra —ucos g)sin «;
Y =Rsin @ — (Ra —ucos f)cosa; 4)
Z =usin g,
where R — is the radius of the cylinder on which the helical line is located - the edge of the
return surface (4), [ - is the angle of elevation of the helical line,
the system (1) takes the form [5]:

vsin S(Ra —ucos ) |,
\/u’2+(Ra—ucos,8)2 '
,R—-2u cosﬂ_(Ra
Ra —ucos g

V= gu'sin p-f gCOS,B\/U'Z +(Ra—ucos B)* +
Vv Vv

()

u"=vg|zsin ,B[U’2 +(Ra—ucosﬂ)2]+u —ucos f)cos .
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y=n/4 y=0
y=n/2

a b
Fig.2. The trajectories of the material particle and the corresponding graphs of
velocities under the same initial conditions (a,=0, u,=20 m, v,=15 m/c, =0,3) and
different directions at the beginning of the motion (y- is the angle between the

direction of the initial vector speed and rectilinear generating surface)

The solution of system (5) is the dependences v=v(e) and u=u(«). The first
characterizes the change in velocity, and the second establishes the relationship between
the independent variables of the surface (4) and thus sets the trajectory of the particle. In
fig. 2, and shows the compartment of the surface of the deployable helicoid and the
trajectory of the particles obtained by integrating the system (5). From fig. 2, and it is seen
that after several revolutions of the particles, which began their movement in different
directions on the surface, move further along a common trajectory, which is a helical line.
Their speed also stabilizes and becomes constant after about three revolutions («<20 rad.
according to Fig. 2, b). After stabilization of motion, , that is at v=const and p=const,
where p - is the distance from the axis of the helicoid to the particle on the surface, system
(5) can be solved in elementary functions and determine the velocity v of the particle and
the distance p depending on the design surface parameters R and S, and the coefficient of
friction f [5].
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Conclusions and prospects for further research. Modeling of the motion of a
material particle on helical surfaces and its study by modern means of numerical
integration and visualization have shown that for different surfaces the nature of the
motion of the particle will also be different. When moving on the surface of the helical
conoid, the particle in the presence of friction first accelerates, and then stops at a
considerable distance from its axis. To prevent this, you need to take a limited
compartment of the conoid both in height and on its periphery. When a particle moves on
the surface of a deployable helicoid, its velocity becomes constant over time, and the
trajectory after that will be a helical line.

Prospects for further research are to use the developed approaches to identify the
possibility of separation of the material not only after the stabilization of the movement,
but also during the transition process, as it became possible to visualize it. This will allow
you to choose the surface compartment of the optimal size, which will provide the desired
productivity of separation due to the dispersion of particles with different coefficients of
friction on its surface. The developed approach will allow to model the motion of the
particle on other helical surfaces (oblique closed helicoid, oblique open helicoid), as well

as on helical surfaces with variable pitch without making models of these surfaces.
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MATEMATHUYHE MOJIEJIFOBAHHSA ITPOLHECY PO3AIJIEHHSA
MATEPIAJIY HA CTAHIOHAPHUX 'BUHTOBHUX NOBEPXHSAX
C. @. Hununaxa, A. B. Heceioomin

AHoTauia. Pyx mamepianbHux 4ACMUHOK NO  2PABIMAYIUHUX  NOBEPXHAX
BUKOPUCTOBYEMBCS Y CREYIANbHUX NPUCMPOosX Os ix cenapayii 3a i3uxo-mexaunidyHumu
eracmueocmamu. s ybo2o 3acmoco8yiomsvCcsi CMayiOHapHi 26UHMOGL NOBEPXHI CMAN020
KDOKY.

Mema  Oocnidxcennss —  Odocaioumu — 28UHMOGL  NOBEPXHI 13 PI3HUMU
KOHCMPYKMUGHUMU NAPAMEMPAMU HA NPeOMem NOKPAUeHHsl iX po30ilbHOI 30amHocmi 3a
00NOMO2010 MAMEMAMUYHO20 | 2e0MEMPUUHO20 MOOENIO8AHHS npoyecy 6e3 8UCOMOBIIeHHS]
Mooeneu no8epxXoHb.

Po3zs’sizannio 3a0aui nobyoosu mpackmopii pyxy mamepianvHOi YACMUHKU NO
nogepxui nid O0Ii€l0 CUlU 81ACHOI 8acu nepedye 3a0aya 3HAXOONCEHHSI MPAEKMOpIi Ha
NOXUNIU NJIOUJUHL.

CyuacHni npocpamui NpoOyKmu Oar0mv MOJICIUBICMb He MIIbKU 3HAXOOUMU
MPAEKMOPI0 PYXy 4aCMUHKU, a i noKazamu ii Ha No8epxHi i HABIMb 3pobuUmMuU aHiMayio,
AKa Nno cymi 3AMIHAE WBUOKICHY 3uomky. Taxuii nioxio oae 3Mo2y O00CioHCy8amu
KIHeMamuyHti napamempu pyxy no PI3HUX 28UHMOBUX NOGEPXHAX Oe3 HAMYPHUX 3PA3Ki6
YUX NOBEPXOHB, WO 3HAUHO 30eUleBII0E NOULYK NOMPIOHUX NOBEPXOHD.

Ompumani mpaekmopii pyxy uYacmuHKU NO NOBEPXHI 26UHMOB020 KOHOIOa ma
po320pmHuo2o 2enikoioa. Bcmanoeneno, wo npu pyci no nogepxmi 28UHmMO8020 KOHOIOA
YACMUHKA 34 HAAGHOCMI Mepms CHOYAmKy pPO32aHAEMbCA, A NOMIM 3VNUHAEMbCA HA
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3HauHil eiocmani 8i0 tioco oci. [l[o6 3anobiemu yvomy, nompiobno opamu obmediceHull
8I0CIK KOHOIOA 5K no eucomi, max i no 1o2o nepughepii. Ilpu pyci yacmunku no nogepxmi
PO320PMHO20 2eniKoioa il WBUOKICMb 3 4acOM CMAE NOCMIUHOI0, a4 MPAEKMOPIEI0 NICs
Yb020 Oy0Oe 28UHMOBA JIIHIS.

Po3spobneni nioxoou oarome modiciugicms usuamu npoyec cenapayii mamepiany He
minvKy nicas cmabinizayii pyxy, a i nio yac nepexioHo2co npoyecy, OCKIIbKU cmald
MOXMCIUBOIO U020 Gi3yanizayis. Lle 0o3eoiums nidibpamu 8i0CiK NOBEPXHI ONMUMANLHO20
po3mipy, AKull 3abe3nedyums NOMPIOHY NPOOYKMUBHICMb cenapayii 3a paxyHoK
PO0330CepeddicenHs YaCMUHOK I3 PI3HUM KoeiyicHmom mepms no 1020 no8epXHi.

Kio4uoBi cjoBa: mamepianvha uacmunka, mpackmopia pyxy, cenapauyis
mamepiany, 26UHMOBUI KOHOI0, pO320PMHUIL 2€1IK0I0

MATEMATHYECKOE MOJIEJUPOBAHUE ITPOLHECCOB PA3JIEJIEHUSA
MATEPHUAJIOB HA CTAIIMOHAPHBIX BUHTOBBIX [IOBEPXHOCTSAX
C. @. Hununaxa, A. B. Hecéuoomun

AHHOTAUMSA.  J[gudicenue  mMamepuanvbHulX — 4acmuy N0 2PAGUMAYUOHHBIX
HOBEPXHOCIAX UCNHONIL3YEMCsl 8 CNEYUATbHbIX YCMPOUCMEax Oas Ux cenapayuu no
Qu3suKo-mexanuweckumu  ceotcmeamu. s 5moz2o NPUMEHAIOMCS  CMAYUOHAPHbLE
BUHMOBbLE NOBEPXHOCHU NOCMOSIHHO20 Uiazd.

Llenv uccnedosanus - uccied08amsv SUHMOGbIE HOBEPXHOCIU C  PA3IUYHBIMU
KOHCMPYKMUBHbIMU — NAPAMEMpamu  Ha npeomem YIyuuleHus ux paspeularoujeli
CNOCOOHOCMU C NOMOWDBIO MAMEMAMUYECK020 U 2e0MempuUiecKo20 MOoOeIUPOBAHUs]
npoyecca 6e3 u320mosieHus mooenell N08epPXHOCHEl.

Pewenuro 3a0auu nocmpoenus mpaexmopuu 08UNCEHUs. MAMEPUATLHOU YACMUYbL NO
nogepxHocmu noo oOelucmeuem Cuilbl COOCMBEHHO20 6eca npeduiecmseyem 3a0aia
HAXO0JHCOEHUSL MPAEKMOPUU HA HAKIOHHOU NJIOCKOCTU.

CoepemeHnvie npocpammusle NPOOYKMbL 0ArOM 803MONCHOCb He MOIbKO HAX00UMb
MPAEeKmMopuro OB8UNCEHUS YACMUYbl, A U NOKA3AMb ee HA NOBEPXHOCU U dadxce cOelams
aHuMayuio, KOmopas no cymu 3amensem CKOpoCcCmHuyo cveMky. Taxot nooxoo no3zeonsem
uccnedosams  KUHeMAamuyeckue napamempwvl OBUNCEHUS NO  PA3HLIM  GUHMOBbLIM
NOBEPXHOCMAX 0e3 HaAmypHuvIX 00pa3yo8 >Mux HNOBEPXHOCMEN, UYMO 3HAYUMENbHO
yoeutegisiem NOUCK HYHCHbIX HOBEPXHOCMEL.

Tonyuenvl mpaekmopuu 08udCeHUs YaCMUYbl NO NOBEPXHOCMU BUHIMOBO20 KOHOUOA
U pazeepaemoz2o 2eiuKouod. YcmawoeneHo, 4mo npu OBUINCEHUU NO HNOBEPXHOCHU
BUHMOB020 KOHOUOA HACMUYA NPU HATUYUU MPEHUsl CHAYANA PA320HAemcs, d NOMmoM
OCMAHABIUBAEMCS HA 3HAYUMENLHOM PACCMOSHUL Oom e20 ocu. Ymobvl npedomepamums
MO, HYIHCHO OpaAmMb 02PAHUYEHHbI OMCeK KOHOUOA KAk no @vlicome, maxK U Nno e2o
nepugepuu. Ilpu Osudicenuu yacmuyvl N0 NOBEPXHOCMU PA3BEP3AEMO20 2eIUKOUOA ee
CKOPOCMb CO BpeMeHeM CMAHOBUMCS NOCMOAHHOU, a mpaeKmopuell nocie 3mo2o oyoem
BUHMOBAS IUHUSL.

Paspabomannvie nooxoovl oOarom B03MONCHOCMb U3YHAMb HPOYecc Ccenapayuu
mamepuana He MOAbKO NOCle CMAOUNU3AYUU OBUNCEHUS, d U 60 6peMs NepexooOHO20
npoyecca, NOCKOIbKY CMala 603MONCHOU €20 8U3yanu3ayus. Imo no3eoaum noooobpams
OMCeK NOBepXHOCMU  ONMUMANBLHO20 pasmepd, KOMOpPbIli  00ecneyum  HYHICHYIO
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nPOU3BOOUMENbHOCb Cenapayuu 3a cyem paccpe0omoyeHus Yacmuy ¢ pasiuyHbiM
K03 puyuenmom mpenus no e2o NO8EPXHOCMU.

KuroueBble cioBa: mamepuanvhana uacmuua, mpaeKmopus OGUIHCEHUA,
cenapayus mamepuana, 6UHM OGO KOHOUO, PA38eP3aeMblil 2e/IUKOUO
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