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Abstract. The motion of material particles on gravitational surfaces, ie the motion
of particles on surfaces under the action of its own weight, is used in special devices for
their separation by physical and mechanical properties. For this purpose stationary screw
surfaces of a steady step are applied.

A number of papers have now considered the relationship between the kinematic
parameters of motion, the coefficient of friction and the design parameters of the
separator, when its surface is a deployable helicoid.

The purpose of the study is to investigate helical surfaces with different design
parameters in order to improve their separation ability through mathematical and
geometric modeling of the process without making surface models.

The problem of finding the trajectory of a material particle on the surface under the
action of its own weight is preceded by the problem of finding the trajectory on an inclined
plane. If a material particle with a certain initial velocity v, and a certain angle of
inclination to the horizon falls on an inclined plane, it will move along a certain curve (in
the absence of friction and air resistance, the trajectory will be a parabola).

A system of equations is obtained, which describes the motion of a material point on
the gravitational surface in the general case. If it is created for a specific surface,
nonlinear and numerical methods must be used to integrate it. Modern software products
allow not only to find the trajectory of the particle, but also to show it on the surface and
even make an animation that essentially replaces high-speed shooting. This approach
makes it possible to study the kinematic parameters of motion on different helical surfaces
without full-scale samples of these surfaces, which significantly reduces the cost of finding
the right surfaces.

The motion of particles along a helical conoid and a deployable helicoid is
considered. Simulation of the motion of a material particle on helical surfaces and its
study by modern means of numerical integration and visualization have shown that for
different surfaces the nature of the motion of the particle will also be different. When
moving on the surface of the helical conoid, the particle in the presence of friction first
accelerates, and then stops at a considerable distance from its axis. To prevent this, you
need to take a limited compartment of the conoid both in height and on its periphery.
When a particle moves on the surface of a deployed helicoid, its velocity becomes constant
over time, and the trajectory after that will be a helical line.
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Introduction. The motion of material particles on gravitational surfaces, ie the
motion of particles on surfaces under the action of its own weight, is used in special
devices for their separation by physical and mechanical properties. For this purpose
stationary screw surfaces of a steady step are applied. In the mining industry for the
enrichment of ores used screw separators with different shapes of axial cross-section
(qutter) [1]. Separation of grain is carried out on linear helical surfaces, which are the
compartments of the oblique helicoid. Seeds with different coefficients of friction move
after stabilization of the process at constant speeds along helical lines at different distances
from the helical axis. Despite the fact that such separators are passive working bodies and
do not require energy costs to drive them, they also have disadvantages. This is a relatively
low productivity and low separation ability (small difference in the trajectories of particles
with different physical and mechanical properties) [2].

Analysis of recent research and publications. The calculation of the relationship
between the kinematic parameters of motion, the coefficient of friction and the design
parameters of the separator was carried out in [3, 4]. In [4] the calculations for the
separator in the case when its surface is a deployable helicoid are considered and made.
The transition process to stabilize the motion of a particle on such a surface is considered
in detail in [5].

The purpose of the article. Investigate helical surfaces with different design
parameters in order to improve their separation ability with the help of mathematical and
geometric modeling of the process without making surface models.

Materials and methods. The problem of finding the trajectory of a material particle
on the surface under the action of its own weight is preceded by the problem of finding the
trajectory on an inclined plane. If a material particle with a certain initial velocity v, and a
certain angle of inclination to the horizon falls on an inclined plane, it will move along a
certain curve (in the absence of friction and air resistance, the trajectory will be a
parabola). The centrifugal force due to the curvature of the trajectory k, always acts along
the main normal of the curve in the opposite direction and is determined from the
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expression mv’k, where m — is the mass of the particle, v — is its velocity. Since the
trajectory on the plane is a flat curve, the vector of action of the centrifugal force is in the

plane of the curve. The vector of this force is included in the basic equation of dynamics of
a point ma=F, where m — is the mass of a point (particle), a - the acceleration that gives

it the equivalent of forces applied to a point F. If we take the surface, the centrifugal
force vector must be decomposed into two mutually perpendicular components: one
component mv’k-sing acts in the plane tangent to the surface perpendicular to the direction
of motion, the other mv?k-cose - along the normal to the surface, increasing or decreasing
the pressure on surface, where ¢ - is the angle between the normal to the surface and the
main normal of the trajectory. The expressions kcose =k, and ksing =k, in differential
geometry are called respectively normal and geodetic curvature of the curve on the
surface. Normal curvature is determined by the coefficients of the first and second
quadratic shapes, and geodetic - by the coefficients of only the first quadratic shape of the
surface. If we write down the main equation of the dynamics of a point ma=F in the
projections on the orts of the accompanying Darboux triendrone, it will be reduced to a

system of differential equations (detailed derivation of these equations is shown in [5]):

dv
v—=gqcosy — f(gcosw+ v’k );
™ gcosy — f(gcosw .) )

v’k =gcose,
where f—is the coefficient of friction;
s —is the length of the trajectory arc;
9=9,81 u/c” — acceleration of free fall;
v, @, @ - are the angles between the particle weight vector and each of the orts of
triedrone.

System (1) does not include the mass of the particle m, because the equations were
reduced to it (this is possible in the absence of other applied forces than the force of
gravity mg, acting on the particle). System (1) describes the motion of a material point on
a gravitational surface in the general case, where the angles v, ¢, @, velocity v, geodesic k.,
and normal k, curvature of the trajectory are functions of its arc s or other parameter that

defines the curve on the surface. If the surface is given by the parametric equations
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X=X(e, U); Y=Y(a, u); Z=Z(e, u), where ¢ and u — are independent variables, then to
solve the system (1) means to find such a dependence between the variables « and u, that
at each point of the curve formed on the surface when the dependence is found, conditions
of this system.

Results and discussion. If the system (1) is created for a specific surface, it will be
nonlinear and numerical methods must be used to integrate it. Modern software products
allow not only to find the trajectory of the particle, but also to show it on the surface and
even make an animation that essentially replaces high-speed shooting. This approach
makes it possible to study the kinematic parameters of motion on different helical surfaces
without full-scale samples of these surfaces, which significantly reduces the cost of

finding the right surfaces. Take for example some helical surfaces.

v,
mch

=0

=0,1

=02

=03
1t =04

-1 . L L . . L Le

Fig.1. Graphic illustrations of the motion of a material particle on the surface of a
helical conoid (helical parameter b = 0.6):
a — the trajectory of the particle from the beginning of motion to the moment of stopping;
b — the dependence of the change in the velocity of particles with different coefficients of

friction

For a helical conoid given by parametric equations:
X =ucosa; Y =usinq; Z =ba, (2)

where b - screw parameter (constant value) system (1) takes the form [6]:
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vZsin ,B(thw+ j—ﬁj:bg Cos f3;
(94
w=|ctgfda. (3
vsin g dv : ,sin2p o j gpda. ()
—=gsinpg-1(v + gshw),
b da bchw

The solution of system (3) is two dependences: the velocity of the particle v=v(«)
and the angle f=p(a) between the conoid generators and the trajectory. The integration of
the system showed that the particle, starting its motion at an initial velocity close to zero,
first accelerates, moves away from the conoid axis and stops (Fig. 1, a). This is explained
by the fact that as we move away from the conoid axis, the angle of inclination of the
trajectory to the horizontal plane decreases and there comes a time when the particle can
no longer overcome the force of friction. The graph of the change in the velocity of the
particle as a function of time (Fig. 1, b) shows that the particles with the highest
coefficient of friction stop the fastest. In the absence of friction and air resistance, the
particle will not stop: its velocity eventually approaches a constant value.

For the deployable helicoid given by parametric equations:
X =Rcosa + (Ra —ucos f)sin «;
Y =Rsina —(Ra —ucos f)cosa; (4)
Z =usin p,
where R —the radius of the cylinder on which the helix is located - the edge of the return

surface (4), p - the angle of elevation of the helix system (1) takes the form [5]:

COSﬂ\/u'Z +(Ra —ucos B)? + vsin B(Ra —ucos ) |.

v =9 u'sin p—1 g
v v

Ju'? +(Ra —ucos f)? ’ ©)
u”=%sin Blu? + (R —ucos g)? |+ u’w—(Ra—ucosﬂ)cosﬂ.
Vv Ra —ucos g
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y=n/4 y=0
y=n/2

a b
Fig.2. The trajectories of the material particle and the corresponding velocity
graphs under the same initial conditions (a,=0, u,=20 m, v,=15 m/s, f=0,3) and
different directions at the beginning of the motion (y - is the angle between the

direction of the initial vector velocity and rectilinear generating surface)

The solution of system (5) is the dependences v=v(a) and u=u(«). The first
characterizes the change in velocity, and the second establishes the relationship between
the independent variables of the surface (4) and thus sets the trajectory of the particle. In
fig. 2, and shows the compartment of the unfolding helicoid surface and the trajectory of
the particles obtained by integrating the system (5). From fig. 2, and it is seen that after
several rotations of the particles, which began their movement in different directions on
the surface, move further along a common trajectory, which is a helix. Their speed also
stabilizes and becomes constant after about three revolutions («<20 rad. According to Fig.
2, b). After motion stabilization, ie at v=const and p=const, where p - is the distance from
the helical axis to the particle on the surface, system (5) can be solved in elementary
functions and determine the velocity v of the particle and the distance p epending on the
design surface parameters R and S, and the coefficient of friction f [5].
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Conclusions and prospects for further research. Simulation of the motion of a
material particle on helical surfaces and its study by modern means of numerical
integration and visualization have shown that for different surfaces the nature of the
motion of the particle will also be different. When moving on the surface of the helical
conoid, the particle in the presence of friction first accelerates, and then stops at a
considerable distance from its axis. To prevent this, you need to take a limited
compartment of the conoid both in height and on its periphery. When a particle moves on
the surface of a deployed helicoid, its velocity becomes constant over time, and the
trajectory after that will be a helical line.

Prospects for further research are to use the developed approaches to identify the
possibility of separation of the material not only after stabilization of movement, but also
during the transition process, as it became possible to visualize it. This will allow you to
choose the surface compartment of the optimal size, which will provide the desired
separation performance by dispersing particles with different coefficients of friction on its
surface. The developed approach will allow to model the motion of the particle on other
helical surfaces (oblique closed helicoid, oblique open helicoid), as well as on helical

surfaces with variable pitch without making models of these surfaces.
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EPITOHOMIYHI ACIIEKTHA MOJEJIOBAHHS ITPOLIECY CEMAPAIIII
MATEPIAJIY HA CTAOHIOHAPHUX 'BUHTOBUX TIOBEPXHSAX
C. @. Ilununaxa, A. B. Hecgioomin
AHoTanis. Pyx mamepianbHux 4acmuHoOK no 2pagimayitiHux No8epxHsax, moomo pyx
YACMUHOK NO NOBEPXHAX NIO OI€I0 CUNU GNIACHOI 82U, BUKOPUCTOBYEMBCA ) CReYIAIbHUX
npucmposx 0na ix cenapayii 3a Qizuko-mexanivHumu eracmusocmamu. s yvoeo
3aCmoco8yIOmvbCs CMAaAYlOHApHL 26UHMOBL NOBEPXHI CIAI020 KPOK).

Huni 6 yinomy psoi npayv pozenanHymuii po3paxyHOK 63AEMO38 S3K) MIdC
KIHEMAMUYHUMU NApamMempamu pyxy, Koe@iyicHmom mepms [ KOHCMPYKMUBHUMU
napamempamu cenapamopad, Koau 1020 NOBEPXHs € PO32OPMHUM 2eNIKOIO0M.

Mema  Oocniddicennss —  Oocuioumu — 28UHMOGL  NOBEPXHI i3 PI3HUMU
KOHCMPYKMUBHUMU NAPAMEMPAMU HA NPeOMen NOKPAUWjeHHsl ix po30iIbHOI 30amHocmi 3d
00NOMO2010 MAMEMAMUYUHO20 | 2e0MEMPUUHO20 MOOENIOBANHS npoyecy 6e3 GU20MOGIeHH s
Mooeell N08ePXoHtb.

Po3zs’sazannio 3adaui nobyodosu mpackmopii pyxy mamepianbHOi YACMUHKU NO
nogepxui nid O0i€l0 CUIU B1ACHOI 8acu nepedyc 3a0aud 3HAXOONCEHHS MPAEKMOopIii Ha
noxunit niowuHi. Axwo Ha noxuny niowuHy nonadae MamepianbHa YACmMuHKa 3 NegHOI0
NOYAmMKOBOK WEUOKICMIO N, | NeBHUM KYymoM HAXUmy 00 20pPU30HMY, MO 60HA 0Oyoe
pyxamucs no neeHill Kpusil (V 6unaoky 6iocymHocmi mepms 1 Onopy nogimps
mpaekmopieio 6yoe napabona).
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Ompumano cucmemy pIiBHAHb, AKA ONUCYE pPYX MaAmepialbHOi MOYKU NO
2pasimayitiniil NOBepxXHi 8 3a2albHOMY 8UNAOKY.AIkwo il poznucamu ONsl KOHKPEmHOI
NOBEepPXHI, MO 80HA OyOe HeNiHiliHOoW [ ONA il IHme2py8aHHs NOmMpIiOHO 3aCMOCO8Y8aAMU
yucenvHi memoou. CydacHi npocpamui NpooOyKmu O0awoms MONCIUBICMb He MITbKU
3HAX0OUMU MPAEKMOPIt0 PYXy YACMUHKU, a I NoKazamu il Ha No8epxHi i Hasimv 3pobumu
aHimayilo, Axa no cymi 3aMiHAE WBUOKICHY 3uomky. Taxkutl nioxio oae 3moey
oocniddcyeamu  KiHeMamudui napamempu pyxy no pPI3HUX 26UHMOBUX NOBEPXHAX 0e3
HAmMypHUX 3PA3KI8 YUX NOBEPXOHb, WO 3HAUHO 30€UeBII0E NOULYK NOMPIOHUX NOBEPXOHD.

Pozensanymo pyx uwacmunox no 26uHmosomy KOHOIOY ma pO320PMHOMY 2eNliK0ioy.
Mooeniosanus pyxy mamepianvHOi UYACMUHKU NO 2BUHMOBUX NOBEPXHAX 1 1020
00CTIOJHCEHHA CYYACHUMU 3ACOOAMU HUCETIbHO20 [THMeSPYB8AHHs | 8i3yanizayii nokasai,
Wo O/ pI3HUX NOBEPXOHbL Xapakmep pyxy yYacmuHku medxc Oyoe pisnuul. Ilpu pyci no
NOBEPXHI 28UHMOB020 KOHOI0A YACMUHKA 3d HASAGHOCMI Mepms CNOYAMKY PO32aAHAEMbCA,
a nomim 3YNUHAEMbCS HA 3HAYHIU 6locmani 6i0 uoeo oci. LlJob6 3anobiemu yvomy,
nompibHo opamu obMmediceHUll 8i0CIiK KOHOI0Aa AK No 8ucomi, max i no 1oz2o nepugepii.
Ilpu pyci uacmunku no nogepxui po3eopmuo20 2enikoioa ii WeuoKicms 3 u4acom cCmae
NOCMIUHOI0, @ MPAEKMOPIEIO NICTIS YbO2O OyOe 28UHMOBA JIIHIA.

KuawuoBi ciaoBa: pyx uacmunok, 26uHmMO6I NOGEPXHI, 26UHMOGUII KOHOIO,
PO320pMHUIL 2e71IK0i0, MOOEII0BAHHA

OPTOHOMHUWYECKHUE ACIIEKTbHI MOAEJIUPOBAHUSA ITPOLUECCA
CEITAPAIIUUA MATEPHUAJIA HA CTAIHIMUOHAPHBIX BUHTOBBIX
IMOBEPXHOCTSIX

C. @. Ilununaxa, A. B. Hecéuoomun

AHHOTamUSA. /J[gudiceHue  MAmMePuaibHuiX — Yacmuy no  epasumayuoOHHbIM
NOBEPXHOCAM, MO eCMb 08UMCEHUe YACUY NO NOBEPXHOCMAM NOO OeUcCmeuem Cuibl
cOOCMBEHHO20 6ecd, UCNONL3YEmCcsl 8 CHEYUANbHbIX YCMPOUCMBAax 015 UX cenapayuu no
PU3UKO-MEXaAHULeCKUM C8OUCMBAM. [ 9M020 UCNOIb3YIOMC CIMAYUOHAPHbIE BUHMOBbIE
NOBEPXHOCU NOCMOAHHO20 Ula2da.

B nacmosiwee spems 6 yenom psde pabom paccmompen paciem 83auMocssizu Mexicoy
KUHeMAMuyecKuMu  napamempamu  08udicenus,  Kodgouyuenmom  mpeHus  u
KOHCMPYKMUBHLIMU NAPAMEmMpPamu cenapamopa, Ko2oa e20 NOBEPXHOCMb ABJIAEmCs
PA38EPMbIEAIOUWUMCSL 2ENUKOUOOM.

Llenv uccneoosanus — uccieo0oéamsv BUHMOBbIE NOBEPXHOCMU C  PA3HLIMU
KOHCIMPYKMUBHbIMU —~ NAPAMEMPamMy  Ha npeomem  YIyYuleHUs ux paspeuiarouyelt
CNOCOOHOCMU C NOMOWDBIO MAMEMAMUYEecK020 U 2e0MempUiecKo20 MoOeIUPOBaAHUs]
npoyecca 6e3 u320mosieHus Mooenel N08ePXHOCMEl.

Pewenuio 3a0auu nocmpoenus mpaexmopuu 08UNCEHUsL MAMePUAIbHOU YaACMUYbL NO
nogepxHocmu noo Oelcmeuem Cuilbl COOCMBEHHO20 6eca npeduiecmeyem 3a0ayd
HAX0JICOeHUsT MPAeKMOpUU HA HAKIOHHOU naockocmu. Eciu na Hakiownyio niockocme
nonadaem MamepuaibHas Hacmuya ¢ ONPeoeleHHOU HAYANbHOU CKOPOCmblo V, U
onpeoeieHHbIM Y2lOM HAKIOHA K 20pU30HMY, MO OHA OyO0em 08U2amvbCsi N0 ONpeoeieHHOll
KpUueoll (8 ciyuyae omcymcmeus mpenus U CONpOmueieHus 6030yxy mpaexmopuei 6yoem
napabona).
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llonyuena cucmema ypagnenuti, OnUCbl8arOWas OBUMCEHUE MAMEPUATLHOU MOYKU NO
2pasumayuoHHoU nosepxnocmu 6 obujem ciyyae. Eciu ee pacnucamv 0nsi KOHKpemHou
NOBEPXHOCMU, MO OHA OyO0em HelUHeUHAa U 0N ee UHMe2PUPOBAHUS HYHCHO NPUMEHSIMb
yycnenuvle memoovl. CospemenHbvle NpocpamMmHble NPOOYKMbl NO380AAI0M He MOAbKO
HAxoo0ums mMpaeKmopuio OBUNCEHUs 4aAcmuysl, HO U NOKA3AMb ee HA NOBEPXHOCMU U
oadice coenamv AHUMAYUro, O CYmu 3AMeHSAIOWYI0 CKOPOCMHYI0 cvbemKy. Takotl nooxoo
n0360a5em uccied08ams KUHeMamuiecKue napamempbl O8UNCEHUS NO PA3HLIM GUHIOBLIM
NOBEPXHOCMAM 0e3 HAMYPHbIX 00pa3yo8 >3mux NO8epXHOCMeEl, Ymo 3HAYUMENbHO
yoeuiegnsaem NOUCK HYHCHBIX HOBEPXHOCHIEU.

Paccmompeno odsusicenue uacmuy no 6uHmMo8OMy KOHOUOY U PA38epmMbl8aArOUeM)Csl
2eNIUKOUODY.

Mooenuposanue osudicenuss MamepuairbHoU Yacmuysbl N0 GUHMOBLIM NOBEPXHOCMAM
U e20 UCCIe008AHUE COBPEMEHHLIMU CPeOCMEAMU YUCIIeHHO20 UHMEeZPUPOBAHUs U
BU3YATU3AYUU NOKA3AIU, YO OJIsL PASHBIX NOBEPXHOCMEl XapaKmep O8UNCEHUS 4acmuybl
mooice 6yoem pazuvim. [lpu osudicenuu no noGepxHocmu SUHMOB020 KOHOUOA HaACMUYd
npu  HAIUYuU MpeHus CHA4and paseoHAemcs, a 3amem OCMAHAGIUBAemcs: Hda
3HAYUMENLHOM pACCMOosHUU om ocu. Ymobvl npedomeépamums 3mo, HYHCHO Opamy
02PAaHUYEeHHbII OMCeK KOHOUOA KaK no evlcome, max u no ezo nepugepuu. Ilpu osusicenuu
yacmuybl N0 NOBEPXHOCMU PA3BEPMbIBAIOULE20CS 2eNUKOUOA ee CKOPOCHb CO 8peMeHeM
CMAHOBUMCSI NOCMOSHHOLL, a mMpaekmopueli nocjie 3mo2o 6yoem SUHMOBAS TUHUAL.

KuroueBble ciaoBa: oOeusicenue uacmuy, GUHMOGbIE NOGEPXHOCMU, GUHMOBOI
KOHOUO, pa3eepmuléaouUIICA 2eUKOUO, MOOEUPOCAHUE
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