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Abstract. Geodetic lines on the surface play the role of straight lines on the plane.
From a point on the surface you can draw a bunch of geodetic lines, among which can be
straight lines (generating surfaces if the surface is linear) and curves (flat and spatial). An
important feature of geodetic lines is that they involve the movement of material particles
on surfaces. The greater the speed of movement of a material particle on the surface, the
greater its trajectory approaches the geodetic line of the surface.

Finding geodetic lines on the surfaces of tillage bodies and other tools that move the
processed material, gives an idea of the possible trajectories of this material. There are
practical methods of approximate finding of geodetic lines on the surface in a given
direction. To do this, you need to have a model of the surface and a narrow strip of thick
paper, which must be pushed in a given direction on the surface so that it does not come
off it. The line of contact of the strip to the surface will be a geodetic line.

If there is no model of the surface, but there is its equation, then there are
theoretical methods for finding geodetic lines, which are reduced to solving second-order
differential equations.

The aim of the research is to find geodetic lines on the surface according to its given
parametric equations.

Theoretical methods of finding geodetic lines on a surface given by parametric
equations are considered. Differential equations were solved by numerical methods and
geodetic lines were constructed on the surface of a hyperbolic paraboloid.

It is established that the middle geodetic line is a rectilinear generating surface, the
extreme - flat cross-sections of the surface planes X =0 and Y = 0, the rest of the geodetic
- spatial curves. The reliability of the integration of the differential equation by numerical
methods and the error-free visualization of the obtained results are proved.
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Introduction. Geodetic lines on the surface play the role of straight lines on the
plane - they are the shortest path between two points on the surface. Just as a bundle of
straight lines can be drawn in all directions from a point on a plane, a bundle of geodesics
can be drawn from a point on a surface, which can include straight lines (generating

surfaces if the surface is linear) and curves (flat and spatial). An important feature of
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geodetic lines is that they involve the movement of material particles on surfaces. The
greater the speed of movement of a material particle on the surface, the greater its
trajectory approaches the geodetic line of the surface. If you imagine a situation where the
particle is not affected by gravity and it moves in a straight line (for example, in a state of
weightlessness), then when it meets the surface, it will change its trajectory and will move
along the geodetic line of the surface. This is explained by the fact that the centrifugal
force will be balanced by the reaction force of the surface, which is directed normally to
the surface, ie the centrifugal force will also be directed along the normal to the surface.
Such a property (when the main normal of the curve along which the centrifugal force is
directed coincides in the direction of the normal to the surface) has a geodetic line of the
surface.

Analysis of recent research and publications. P. M. Vasilenko pointed out that in
the case of motion of a material point by inertia instead of solving the differential equation
of motion of a point to determine the trajectory of this motion can be used to solve the
differential equation of a geodetic line [1]. The force of gravity acting on the particle
makes its adjustments to its movement on the surface. But due to the fact that the weight
of the particle is constant and the velocity can be changed, it turns out that with increasing
particle velocity, the percentage force acting on it increases quadratically by the formula
F=mVv?/R, where m — is the mass of the particle, v — velocity, R — radius of curvature of the
trajectory at a certain point. Then at high speeds the centrifugal force increases so much
that the mass of the particle can be neglected to some extent, ie the trajectory of the
particle approaches the geodetic line of the surface. This well-known fact L.V. Gyachev
[2] based the calculation of the plow shelf on the upper boundary trajectory of the chip,
which is the geodetic line of the shelf surface. Knowing the geodetic line of the shelf, it
can be argued that at high speeds of plowing the trajectory of the chips will approach it,
but can not pass higher. Thus, finding geodetic lines of surfaces of tillage bodies and other
tools on which the processed material moves, gives idea of possible trajectories of
movement on them of this material. There are practical methods of approximate finding of
geodetic lines on the surface in a given direction. To do this, you need to have a model of
the surface and a narrow strip of thick paper, which must be pushed in a given direction on

the surface so that it does not come off it. The line of contact of the strip to the surface will
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be a geodetic line. For scanning surfaces, the geodetic line is converted to a straight line on
the scan.

If there is no model of the surface, but there is its equation, then there are theoretical
methods for finding geodetic lines, which are reduced to solving second-order differential
equations.

The aim of the article is finding geodetic lines on the surface according to its given
parametric equations.

Materials and methods. Look for geodetic lines on the surface of the hyperbolic
paraboloid given by the equations:

X =a(v+u); Y=a(v—u); Z=2uv, (1)
where a — Is a constant value; u, v — variables - independent surface parameters.

If two independent parameters of the surface u and v are related by a certain
dependence, for example, u=u(v), then equation (1) will depend on one variable v, ie on
the surface (1) they will describe a certain line. We consider the function u=u(v) to
describe a geodetic line on the surface. Having written down the differential equation of a
geodetic line, we find from it the dependence u=u(v).

Any line on the surface has a geodetic curvature, which is a projection of the curvature
of the curve at a given point on a plane tangent to the surface at this point. For a geodetic
line, the geodetic curvature at all points is zero.

Results and discussion. Find the expression of the geodetic curvature and equate it
to zero.

The geodetic curvature of the line on the surface can be found from the determinant [2]:

3Nx Ny Nz
dv
kgz(dj X' Yz, (2)
S
XN YN ZN

where 3\; - derivative of the parameter v along the length of the arc of the geodetic line s;

Ny, Ny, N, — coordinates of the unit vector normal to the surface;
XY, Z% X7 Y7, Z”- the first and second derivatives of equations (1) on the parameter v.

Find the partial derivatives of equations (1):

oX oY oz oX oY oz

~—=a, —=a, —=2u, —=a, —=-a, —=

N ov v au ou au
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The normal to the surface is found from the vector product:

X 'y z
oX oY oZ
U ou aul
oX oY oZ
R

Z|
I

(4)

Substituting (3) into (4) and normalizing the vector N to one, we write its
projections:

N, = - u+v N, = u-v N, = a . (5)
x/az +2(u® +v?) \/az +2(u® +v?) \/az +2(u® +v?)

Bearing in mind that u is a function of v, ie u=u(v), we differentiate (1) by v and

find the first and second derivatives:

X'=a(l+u’), Y'=a(l-u’), Z'=2(u'v+u), (6)
X"=au"; Y"=—-au" Z"=2(u"v+2u").
Find the derivative of the line arc by the formula:
ds 2 2 2 2 2 P 1272 2
d—:\/X +Y'2 122 = [2(a% +2u%) +4u'uv + 2u"2 (% + 2v2). (7)
v

To substitute in expression (2) we need a derivative Sl\s/’ which we find from

(7): (;'\S’: 1: 2:3. In (2) we also substitute the coordinates of the unit vector of normal from

(5) and the first and second derivatives from (6). After simplifications we will receive:

8au'(uu’ —v) —2au ”[a2 +2(u’ + vz)]

k, = X (8)
\/az +2(u’® +v2)(\/2(a2 +2u%)+4u'uv+2u'? (@’ + 2v2))
Equating (8) to zero, we obtain the differential equation of geodetic lines:
»  4u'(uu’-v) 9)

CaZ+2ul+vy)

If we managed to integrate (9) and obtain the dependence u=u(v), then by
substituting it in (1) we would obtain the equation of the geodesic line. And although in
our case this cannot be done, modern software products integrate similar equations with
the visualization of results. The integration of equation (9) was performed using the

MatLAB system, the use of which to solve similar problems was shown in [3]. Using this
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system, the surface of a hyperbolic paraboloid was constructed according to equations (1),

and only then geodetic lines were plotted on the obtained graph of the surface (see Fig.)
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Fig. Surface of a hyperbolic paraboloid with drawn geodetic lines:
a — geodetic lines come from one point; b — geodetic lines come from different points on
the surface

When integrating equation (9), it is necessary to set the initial values of the variables
u and u’ The location of a point on the surface from which the geodetic line begins
depends on the initial value of the parameter u, and its direction at this point depends on
the initial value of u” In Fig. on the left geodetic lines are constructed at the same initial
value u and at different initial values u’, and in Fig. on the right - on the contrary. The
arrows in Fig. the right shows the direction of entry of material particles to the surface, and
geodetic lines - the probable trajectories of their further movement at high speeds.

Conclusions and prospects for further research. From fig. on the left we can
conclude that the middle geodetic line is a rectilinear generating surface, the extreme - flat
cross-sections of the surface planes X=0 and Y=0, the rest of the geodetic - spatial
curves. In fact, the generating surface will stand out on it at u = const, and for the extreme
generators we find the dependences u=u(v), equating the first two equations (1) to zero:
u=-v and u=v. It is easy to see that the three dependencies: u = const; u=-v and u=v
satisfy the differential equation (9), which indicates the reliability of its integration by

numerical methods and error-free visualization of the obtained results.
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MNOBYJIOBA TEOJIE3UYHUX JITHIA, IK TPAHUYHUX TPAEKTOPIA
PYXY MATEPIAJIBHUX YACTUHOK 110 ITIOBEPXHI
C. @. lHununaxa, A. B. Heceioomin

AHoTaWis. [ eo0e3uyni ninii Ha NOBEePXHI BIOIi2paAOMb POlb NPAMUX NIHIU HA NAOUJUHL.
13 mouxu Ha nosepxHi MOJHCHA NPOBECMU NYYOK 2€00€3UUHUX TIHIU, ceped AKUX MONCYMb
oymu npsami Jinii (MEIpHI NOBEPXHI, AKWO NOBEpPXHA NiHiUuama) i Kpusi (niocki ma
npocmoposi). Badicnueoro eracmugicmio 2eo00e3uynux JiHil € me, Wo i3 HUMU 38 SA3aHull
PYX MamepianbHUux YacmuHoK no noeepxusax. Yum oinvua weuoKkicmos pyxy mamepiaibHoi
YACMUHKU NO NOBEPXHI, Mum OiIbUwlol0 Mipolo ii mpaekmopisi HAOIUNCAEMbC 00
2€00e3UYHOL IIHII NOBEePXHI.

3Haxo0ocents 2e00e3uyHUX JiHill NOBEPXOHb IPYHMOOOPOOHUX Op2aHié 1 [HUUX
3HapsAO0b, AKUMU DPYXAEMbC 00poOa08anull mamepian, O0a€ YAGIEHHA NPO MONCIUBE
MPAeKmopii pyxy no Hux yvo2o mamepiany. IcHytoms npaxmuyri Memoou HaOIUIHCEHO20
3HAXOOMNCEHHS 2e00€3UYHUX NIHIll HA NOBEPXHI 8 3A0AHOMY Hanpsami. /i Yybo2o nompioHO
mMamu Mooeilb NOBEPXHI I 8Y3bKY CMYICKY YYNKO20 nanepy, 5Ky HeoOXIOHO 6 3a0aHOMY
Hanpsmi npocysamu no nogepxui mak, wjob 8oHa He giopusanace 8i0 Hei. JIinis domuxy
CMYIHCKU 00 NOBEPXHI I Oy0e 2e00e3UUHOI0 JIHIEH.

Axuwo mooeni nosepxti Hemae, ane € ii piGHAHHS, MO ICHYIOMb Meopemuiti Memoou
BHAXOOMCEHHs 2e00e3UdHUX JNiHIU, AKI 3600amMbCi 00 D038 SA3YBAHHA OUpepeHyialbHUX
PIBHAHB OpY2020 NOPSAOK).

Memoto 0ocniodceHHs € 3HAX0O0IHCEHHS 2e00e3UHUX NIHI HA NOBEPXHI 34 3A0aHUMU
11 napamempuyHUMU pi8HAHHAMU.

Posenanymo meopemuuni memoou 3HaxX00XHCEeHHA 2e00e3UYHUX NN Ha NOBEPXHI, KA
3a0ana  napamempuyHumu — piGHAHHAMU.  HucenvHuMu  Memooamu  po38 SA3aHO
ougheperyianvri pieHAHHA | NOOYOOBAHO 2e00e3UudHi JiHiI Ha NOo6epxXHi 2inepOoiuH020
napabonoioa.
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Bcemanoeneno, wo cepednvoro 2eode3uunoro NiHicto € NPAMONIHIUNA MBIPHA NOBEPXHI,
KpauHiMu — naocKi nepepizu nogepxui niowunamu X=0 i Y=0, pewuma ceooe3uyrux —
npocmoposi kpusi. /[o6edeHo 00CMOBIpHICMb IHMe2py8anHs OUpepeHYiUH020 DIBHAHHS
YUCENbHUMU MeMOOaMU i Oe3NOMUTIKOBY BI3YaNi3ayilo 00epHCAHUX Pe3)Ibmamis.

KirouoBi cioBa: 2ceoodesuuna ninia, mpackmopia pyxy, 2e00e3uiHa KpusuHa,
2inepooniunuii napabooio

INOCTPOEHME I'EOJIE3SHYECKHNX JINHUM, KAK ITPEJEJIBHBIX
TPAEKTOPUH ABUKEHUSA MATEPUAJIBHBIX YACTHIL 1O
INOBEPXHOCTH

C. @. Ilununaxka, A. B. Heceuoomun

AHHOTanus. [ eode3uueckue TUHUU HA NOBEPXHOCMU USPAIOM DOJIb NPAMbBIX JIUHUL
Ha naockocmu. M3 mouku HA NOBEPXHOCMU MONCHO NPOBECU NYYOK 2e00e3UteCcKUx
JUHUL, cpeou KOmMOopwiX Mo2ym Oblmb npsamMvle JUHUU (00pa3ylowue no8epxHoCmu, eciu
JUHelYamas Nno8epxXHOCmyv) U Kpugvle (NJIOCKUe U NpoCmpaHcmeeHuvle). Baowxcnvim
CBOUCMBOM 2€00e3UudecKUx JUHULL eCmb Mo, YMO C HUMU CBA3AHO OBUJCEHUE
MAMepuanbHovlX Yacmuy no nogepxHocmsam. Yem oOonvuie ckopocmv  O0BUNCEHUS
MaAmMepuanbHoU 4acmuybl N0 NOBEPXHOCMU, meM 8 OOJbuiell CmeneHu ee Mmpaekmopus
npubIUNCAeMCS K 2e00e3UYeCKOl TUHUU NOBEPXHOCHIU.

Haxoorcoenue  ceodezuueckux auHuili  nNoepxHocmeli Nou8000pabaAMbI8AOUIUX
0peamnos u opy2ux opyouil, no KOmopvimM 08udcemcs oopabamvieaemvlii mamepua, oaem
npeocmasieHue O B03MOJICHBIX MPAEKMOPUAX OBUNCEHUSI NO HUM 3MO020 Mamepuaid.
HUmeromesa npaxmuueckue cnocoovl NPUOIUNCEHHO2O HAXOHCOEHUS 2e00e3UdecKUX TUHUL
Ha NOBEpXHOCMU 6 3A0AHHOM HANpAeleHuu. J[is 3mo20 HYN*CHO umMems MOOeb
NOBEPXHOCMU U Y3KVIO NOJOCKY NJIOMHOU Oymazu, KOmopylo HeobXooumo 6 3a0aHHOM
HanpasieHuyu npooeu2ams no NOBEPXHOCMU MAK, 4mobbl OHA He OmMpbIEANACh Om Hee.
JIuHus npuKoCcHOBeHUs NONOCKU K NOBepXHOCMU U Oyoem S6AAMbCs 2e00e3utecKoll
JIUHUEL.

Ecnu  modenu noeepxnocmu Hem, HO ecmb ee YPAGHEHUS, CYUIeCmEyIom
meopemuyeckue Memoobl HAXONHCOEHUS 2e00e3UYeCKUX JUHUL, KOmopble C8OO0SMCS K
peuwenuio oughghepenyuanbHbIX YpasHeHull 8Mmopo2o nopsioKda.

L]envio uccneoosanus a611emcs HaxodHcoeHue 2e00e3UecKUx JUHUL Ha NO8EPXHOCMU
N0 3A0AHHbIM ee Napamempuyeckum ypasHeHUsM.

Paccmompenvr meopemuueckue memoovl HaxodcOeHus 2e00e3udecKux AUHULL Ha
NOBEPXHOCMU, 3A0AHHOU NAPAMEempU4ecKUMU YpaeHeHusmu. YucieHuvimu memooamu
peutenvl  Ouggepenyuanvrvie YpasHeHUusi U NOCMPOEHbl 2eode3udecKue JUHUU Ha
NOBEPXHOCMU 2UNepOOIULecKo20 napaboiouoaq.

Ycemanoeneno, umo cpeomeul 2eode3uueckou JUHUeEl A6NAEMCS NPAMOIUHEUHAs
obpaszyrouias no8epxHOCmu, KpauHuMu — NIOCKUE cedeHusi NO8ePXHOCMU HNJI0CKOCMAMU
X=0 u Y=0, ocmanvhvie ceolde3uueckue — NPOCMPAHCMBEEHHble Kpusble. Jloxkazana
00CMOBEPHOCMb  UHME2PUPOBaHUs  OughepeHyuanbHoco  ypasHenus  4UcleHHbIMU
Memooamu u 6e30UUb0YHAs BU3YANUAYUS NOTIYUEHHBIX Pe3)IbIMamos.

KiroueBble cjioBa:  ceode3uueckas  JUHUA,  MPACKMOPUA  OBGUICEHU,
2eoode3uuecKkas Kpueusna, 2unepooiuueckuil napadooaiouo
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