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Abstract. The construction of a linear surface, which ensures the movement of a
particle along a slope line, is considered. A property of such lines is a constant angle
between the tangent line drawn to the curve at any point and the horizontal plane (the
angle of elevation of the curve), as well as the parallelism of the main normal of the curve
to the horizontal plane.

Currently, studies of the movement of agricultural materials on working surfaces
have been carried out. They showed the possibility of solving the inverse problem -
designing a surface that would ensure a given trajectory of the particle's movement.

The purpose of the study is to construct a linear surface along a given trajectory of
movement of a material particle under the action of its own weight.

A system of equations is obtained that describes the movement of a material particle
along a linear gravitational surface.

Differential equations are solved. Specific examples are given.

A linear surface, which, with a known coefficient of friction, would ensure the
movement of a particle along a helical line given by the angle of elevation and a constant
curvature, as well as a linear surface, which, with a known coefficient of friction, would
ensure the accelerated movement of a particle along a surface with a constant angle was
constructed.

Key words: linear surface, trajectory of movement of a material particle,
accompanying Frenet trihedron

Introduction. The article considers the construction of a linear surface that ensures
the movement of a particle along a slant line. A property of such lines is a constant angle g
between the tangent line drawn to the curve at any point and the horizontal plane (the
angle of rise of the curve), as well as the parallelism of the main normal of the curve to the
horizontal plane.

Analysis of recent research and publications. Finding the trajectories of movement
of material particles along gravitational surfaces is considered in works [2, 3]. Research
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concerns the movement of agricultural materials on working surfaces. These works also
indicate the possibility of solving the inverse problem - the construction of such a surface
that would ensure the given trajectory of the particle's movement.

The purpose of the study is to construct a linear surface along a given trajectory of
movement of a material particle under the action of its own weight.

Research materials and methods. Let a material particle move along a spatial
curved line. Let's attach to the particle the corresponding Frenet trihedron, whose ortho t
Is tangent to the curve, and orthos of the main normal n and binormal b are in the normal
plane 7 (Fig. 1, a). It is known from sketch geometry that it is possible to choose such a
direction of projection in which the normal plane zis projected into a straight line. As can
be seen from Fig. 1b, which shows this case, the weight force mg (m — is the mass of the
particle, kg; g=9,81 m/s?), can be decomposed into two components: one component is
directed along the orth t (it causes the movement of the particle ), the other is in the

normal plane .

Fig. 1. The accompanying trihedron of the Frenet curve is the trajectory of the
particle movement:
a —the normal plane rzis located arbitrarily in space; b — the normal plane zis projected in

a straight line

Now we will choose the direction of projection so that the ort t is projected to a
point. This case is shown in Fig. 2. As it was said earlier, the angle p=const, so the
direction of the main normal n at all points of the trajectory is parallel to the horizontal
plane. Two forces act on a material particle in the normal plane: the component of the

weight force mg cos/3 and the centrifugal force mv’k (v — is the velocity of the particle, k
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— iIs the curvature of the trajectory). Let's start constructing the surface. Let's draw a plane

1, tangent to the future surface through the ort t.

=
=

/mgcos 3

Fig. 2. Decomposition of the acting forces in the normal plane of the accompanying

trihedron of the trajectory

In Fig. 2, it is projected in a straight line. Since the constructed surface is linear, the
rectilinear surface will be the result of the intersection of the normal plane r and the
tangent plane s In order for the particle to move exactly along the given line, it is
necessary that at each point of the trajectory the projections of the force of gravity and the
centrifugal force on the tangent plane « are balanced. Based on Fig. 2, we can write:

mv’k sin £ = mg cos S cose, (1)
where ¢ - is the angle between the main normal n of the trajectory and the normal ~ to the
surface. We project onto the orth t the forces that give the particle

accelerationdv _dvds _ dv (t —js time, s — is the length of the arc of the trajectory):
dt dsdt ds

mvd—vzmgsin,b’— fR, (2)
ds
where f — coefficient of friction; R — is the pressure exerted by the particle on the surface.

After projecting the centrifugal force and the weight force on the normal to the surface, we

obtain the pressure force R (see Fig. 2):

R =mg cos £sin & +mv2k cos &. (3)
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By substituting (3) into (2) and reducing the resulting equation, as well as equation
(1) by the mass m, we obtain a system of equations that describes the movement of a

material particle along a linear gravitational surface:

vg\s/:gsinﬂ— f (gcos Bsin ¢ + vk cose); (4)
v’ksin & =gcos Bcose.

System (4) includes four unknown quantities: dependencies v=v(s); & =&(s); k=Kk(s)
and the angle g (the coefficient f is assumed to be known). Therefore, some values must be
set, and the rest must be found from system (4). If we project the surface according to a
predetermined trajectory of the movement of the particle, this means that the trajectory
itself must be set by the angle S and its curvature k=k(s), and the dependences v=v(s) and
£ =¢(s) can be found from the solution system connection (4).

Research results and their discussion. Let's consider examples.

Example 1. Construct a linear surface that, with a known coefficient of friction f
would ensure the movement of a particle along a helical line given by the elevation angle
A and a constant curvature (k=const).

From the second equation of system (4), we write:
Vi = gcos etge. (5)

We differentiate equation (5) with respect to the parameter s and write it in the form:

T s ©)
ds 2ksin? ¢ ds

Substituting (5) and (6) into the first equation of system (4), after simplifications we
obtain the differential equation:

cos B d—g:sinﬁ— f cc.)s,B. (7)

" 2ksin’e ds sin ¢

The differential equation (7) must be integrated by numerical methods, but under the
condition that the surface is perfectly smooth (f=0), the variables are separated and after
integration we obtain the dependence & =&(s) in the final form:

ctge = 2tgB - ks abo & =arcctg(2tg3 - ks). (8)
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By substituting (8) into (5), we obtain the dependence of the change in the velocity of
particle movement v=v(s):

v? =2gsin #-s=2gH, 9)

where H =sin g-s - the height to which the particle descends during movement. The

obtained result corresponds to Galileo's theorem, according to which the speed of a
particle when moving along a perfectly smooth surface does not depend on the shape of
the trajectory, but on the height H. From dependence (8), it can be concluded that at the

initial moment of motion (s=0) the angle ¢=90°, i.e the rectilinear surface is parallel to

the horizontal plane. Next, the angle & decreases, approaching zero, which means that the
surface is gradually approaching the surface of the binormals of the helical line.

For a real surface f =0. In this case, as shown in work [3], with the help of numerical

integration, the particle is first accelerated, and then its motion stabilizes and the trajectory
is a line close to a helical one. It is obvious that the increase in speed occurs up to a certain
limit, until the component of the force of gravity is balanced by the force of friction. In the
future, the speed will be constant and the left side of the first equation of system (4) will

be equal to zero. Taking into account the mentioned solution of system (4) gives the result:

sin ¢ = fctgp; Vi = gS;E'B«/l— fctg®B. (10)

The next stage is the design of the surface. The parametric equations of the slope line

given by the elevation angle £ and the curvature k=k(s) have the form [1]:

x:cosﬁjcos( ! jkdsjds; y:cosﬁjsin(ljkdsjds; z=ssin S. (11)

cos cos B

Since k=const, the integration of equations (11) leads to the parametric equations of

the helical line:

P 2
W Cos f . ks _ 0 B XS . s _ssin B (12)

k cosf’ Y k cos

cos’ f

The helical line (12) is located on a cylinder of radius r= and has a pitch

h= ’kzsin 23. To construct a helical surface, it is necessary to draw a straight line at an angle

77



"Enepzemuka i agmomamuxa'’, Ne3 2022 p.
»=90° —arcsin(fctgp) (Fig. 2) to the main normal, which is parallel to the horizontal plane,
in the normal plane of each point of the helical line. Omitting the derivation, we present

the parametric equations of the described surface:

x = ’Bsin ks —u(fctgﬂsin ks +w/]—fzctg2ﬂsinﬂcos ks j;
k cos S cos S cos f3
i e pan 2o )
c

cos’ o) ks
Y = cos — u| fctgf cos
k cos 3 cos os B

Z = —(ssin P +ul — fzctgz,b’ cos ﬂ)

where s, U — are variable parameters of the surface, respectively, the length of the arc of

the trajectory and the rectilinear generator.

In Fig. 3, a helical linear surface is constructed according to equations (13). The
trajectory of the particle is shown by a double line. Initial data: k=0,1; £=20° f=0,3.
Calculated values according to formulas (10): &=55,5°; v=7,96 m/s. The trajectory of the
movement is a spiral line on a cylinder with a radius r=8,8 m and a pitch h=20,2 m. The
constructed surface differs from the surface considered in the work [3, p.327] in that the
rectilinear generators are tangential to the axis of the spiral line while in the specified work

they cross the axis.

Fig. 3. A helical linear surface that ensures a constant speed of particle

movement along it (on the left — frontal projection, on the right — horizontal)

Example 2. Construct a linear surface that, with a known coefficient of friction f
would ensure the accelerated movement of a particle along the surface with a constant

angle & (&=const).
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The solution process will be the same as in the previous example. Differentiation of
expression (5) taking into account that & =const, k=Kk(s) gives:
vV __gcospcose dk (14)
ds 2k?*sing  ds
After substituting (5) and (14) into the first equation of system (4), we obtain a
differential equation that can be integrated:

dk 2 : cose
—=—_° (tgBsine— f)ds Wwhere k- , 15
k? 0035( gpsine=1) 2(tgBsine — f)s (15)

Substitution of the expression of the curvature k from (15) into (5) gives the

dependence of the change in the velocity of the particle:

Vi = ?—g(sin Ssin & — f cos fB)s. (16)
sin ¢

At f=0 expression (16) turns into expression (9). System (4) is solved because, given
constants S, ¢ and f the curve of the trajectory in (15) and the speed of the particle
movement in (16) were found. We look for the shape of the trajectory itself by integrating

equations (11) while substituting the curvature expression from (15) into them:

‘= aCOSZﬂ [Scos(alns) + ssin(alns)};
l1+a® |a

_acosp
1+a’

[:sin(alns) - cos(alns)}; (17)

cos ¢
2(sin Bsine— fcosf)

z=ssinf, nme a=
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Fig. 4. A conical slope line, which is the trajectory of the movement of a material
particle and at the same time the guide curve of a linear surface with a constant angle

¢ of the slope of the generating
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In Fig. 4, a spatial curve is constructed according to equations (17), which is the
calculated trajectory of the movement of a material particle and, at the same time, a guide
curve for the constructed surface. The design of the surface itself is carried out in the same

way as in the previous example. Initial data: &£ =60°; £=20° f=0,3. Calculated values

according to formulas (15), (16): kzli"‘; v=0,563.s -

Conclusions and perspectives. A system of equations is obtained that describes the
movement of a material particle along a linear gravitational surface. This made it possible
to construct a linear surface which, with a known coefficient of friction, would ensure the
movement of a particle along a helical line given by the angle of elevation and a constant
curvature, as well as a linear surface which, with a known coefficient of friction, would
ensure the accelerated movement of a particle along a surface with a constant angle.
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KOHCTPYIOBAHHS JITHINUATOI HOBEPXHI 3A PO3PAXYHKOBOIO
TPAEKTOPIEIO PYXY MATEPIAJIbHOI YACTUHKH IO HINA
C. @. Ilununaka, A. B. Heceioomin

AHoOTaNis. Po3eisinymo KOHCMPYO8aHHA NIHIUamoi no8epxHi, sika 3abe3neuye pyx
yacmunKu no ainii ykocy. Bracmueicmio makux niniti € cmanuii Kym Midc 0OMUYHONO
NPAMOI0, NPOBEOeHOI0 00 KPUBoi 8 0Y0b-sKill MouYi, i 20PUZOHMANLHOIN NIOWUHOI (KYM
niOUOMY KpUBOi), a MaKo’c napaieibHicmsd 20108HOI HOPMAL KPUBOI 00 20pU3OHMAILHOTL
NIOWUHU.

Huni nposedeni oocniodicenns pyxy CilbCbKO20CNOO0ApCLKUX Mamepianie no pooodux
nogepxmusx. Bonu nokaszanu  moxciugicme  po3e’asanus  obepHenoi  3a0ayi  —
KOHCMPYIOBAHHA MAKOi NO0GepxHi, sAKka 3abe3neuuna 6 3a0aHy MPAEKMOPIO  pyXy
YACMUHKU.

Mema OocniodxcenHs - KOHCMPYIOBAHHS  JIIHIUYAMOI NOBEPXHI 34 3A0AHOI0
MPAEKMOPIEIO PYXY MamepianibHoi yacmunKuy nio 0l Cuiu 81acHoi azu.

Ooepocana cucmema piGHAHb, KA ONUCYE PYX MamepianbHoi YACMUHKU NO
JIHIUYamin 2pasimayiuHiu NO8epxHi.

Po3zs’si3ano oughepenyianvni pisnanns. Haseoeno konkpemui npuxiaou.

Ilobyoosana ninitivama noeepxHs, sAKa npu GiOOMOMY Koeghiyienmi mepms
3abesnequna O pyx wacmuxku no 28UHMOSIU JNIHil, 3a0auill Kymom Niouomy i cmajoro
KPUBUHOIO, A MAKOXMC JNIHIYama no8epXHs, sKA Npu 6i0oMomy Koegiyienmi mepms
3abe3neuuna 6 NPUCKOPEHUll pyx 4YaCmMuHKU NO NOGEPXHI i3 NOCMIUHUM KYMOM.

KuwuoBi cioBa: ninitiuama noeepxua, mpaekmopia pyxy mamepianbHoi
YacmuHKu, cynpogionuil mpuzpannuxk Opene

KOHCTPYUPOBAHUE JIMUHEMYATOMN NOBEPXHOCTH IO
PACUETHOM TPAEKTOPUU IBUKEHUS MATEPUAJIBHOM
YACTHIBI IO HEA
C. @. Ilununaxka, A. B. Heceuoomun

AHHOTAaUMs. Paccmompeno  KoHcmpyuposanue — IUHEUUAMOU  NOBEPXHOCMU,
obecneuusaowell 0sudceHue uyacmuysvl no aunuu omkoca. Ceolicmeom maxKux AUHUL
ABNAEMCSL NOCMOSIHHLIU Y20l MeHCOY KACAMENbHOU, NPOBOOUMOU K KPUBOU 6 000l
mouxke, U 2OPUBOHMANLHOU NAOCKOCMbIO (V2o nodvema Kpueol), da makdice
napanieibHOCmy 2J1A8HOU HOPMAIU KPUBOLL K 20PU3OHMANbHOL NAOCKOCTU.

B nacmoswee spemsn nposedenvi uccnedo8anusi 0BUNCEHUST CElbCKOXO3AUCMBEHHbIX
mamepuanog no pabouum nosepxnocmsam. OHU NOKA3AAU BO03MONCHOCMb peuleHUs]
00pamHuoll 3a0a4u — KOHCMPYUPOBAHUe Makol noeepxHocmu, Komopas 0wl obecneduna
3A0AHHYI0 MPAEKMOPUIO OBUNCEHUS YACTUYDL.

Llenv uccnedosanus — KoHCMpyupogauue IUHeUYamou No8epXHOCMU NO 3A0AHHOLUL
Mpaekmopuu 08UNCEHUST MAMEPUATbHOU 4aCmMUuybl NOO Oelcmeuem CUulbl COOCMBEHHO20
geca.

Tlonyuena cucmema ypasHenuii, onucvl8arOwas 0BUMCEHUE MAMEPUATLHOU YACMULbL
no JUHeUYamou epasumayuOHHOU NOBEPXHOCIL.

Pewenvt ougpgepernyuanvruvle ypasnenus. Ilpusedenvl KOHKpemmuble npumepbl.

Ilocmpoena nunetiuamas no8epxHOCMb, KOMOPAs Npu U3BECMHOM Kodpduyuenme
mpeHus obecnequna Obl O0BUdNCEHUE YACMUYbL NO BUHMOBOU JUHUU, 3AOAHHOU VellOM
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noovema u NOCMOSHHOU KPUBUIHOU, a4 MAKM#Ce JUHEeUYamas no8epxXHOCHb, KOMopas npu
ussecmHoMm Koagguyuenme mpenus obecneduna Ovl YCKOpeHHOE 08UNCeHUe Yacmuybl no
NOBEPXHOCMU C NOCMOSHHBIM Y2TIOM.

KiroueBble cioBa: Juneinuamas noePXHOCHIb, MPACKMOPUA  OBUIHCEHUS
MamepuaibHOU Yacmuybl, CORPOOOUmeIbHulil mpexzpannux Opene
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