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Abstract. The article reveals an analytical description of the formation of families
of orthogonal flat curved lines in the implicit form based on the analysis of the parametric
equation of a flat isometric grid constructed by separating the real and imaginary parts of
the function of a complex variable. This problem is due to the fact that flat isometric grids,
as two families of orthogonal coordinate lines with square cells, are used in conformal
mappings, for example, when drawing images on curved surfaces with the least distortion.
At the same time, families of flat parallel lines are widely used in geometric modeling of
heat transfer, electric fields, fluid flow, etc. There is a connection between these geometric
images, which is explained by specific examples. Analytical calculations of deriving the
parametric equation of an isometric grid are quite time-consuming, so they are performed
in the environment of symbolic algebra Maple. For this purpose, the corresponding
software of the interactive model of derivation of parametric equations of isometric grids
for any initial function of a complex variable with the subsequent separation of its real
and imaginary parts was created. It was found that the values of the abscissa and
ordinates of the parametric equation of a flat isometric grid can be represented as explicit
surface equations. For integer values of the power of the exponential function of the
complex variable, the values of the abscissa and the ordinate will be represented by
algebraic surfaces in the explicit form. The projections of the cross sections of the
abscissa and ordinate surfaces by horizontal cutting planes on the horizontal plane form
two families of curved lines, the equations of which can be obtained only implicitly. By the
example of the quadratic function of a complex variable, it is proved that these families of
lines are mutually perpendicular. The practical application of building a family of lines
for geometric modeling of fluid flow lines that flow around the barrier in the form of a
semicircle is shown.

Key words: isometric grids, functions of a complex variable, families of
orthogonal lines, geometric flow modeling

Topicality. Geometric modeling of processes in heat engineering, hydrodynamics
and other technical fields involves the construction of sets of parallel lines. One possible
way is to use the parametric equations of flat isometric grids.

Analysis of recent research and publications. The formation and use of flat

isometric grids by functions of a complex variable are given in [1, 2]. In [3], a method for
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constructing families of parallel lines with respect to the visualization of solutions of
problems of modeling heterogeneous processes is revealed.

The purpose of research is to reveal a method of forming a family of parallel
curves in a plane as a set of combined projections of surface cross-section curves by
horizontal planes based on the analysis of the parametric equation of a flat isometric grid.

Research results and their discussion. Suppose we have an exponential function
f(z) of the complex variable z:

f =z 1)
where z = u+ I v — complex number, I = v—1 — imaginary unit.

By separating the real Re(f(z)) and the imaginary Im(f(z)) parts of the function
f(z) we obtain a flat isometric grid of the form:

R(u,v) = [Re(f(2)), Im(f(2)),0]. (2)

For the value of k = 1 of the function f(z) of the complex variable z we obtain the
simplest Cartesian grid (Fig. 1, a):

R(u,v) = [u,v,0]. (3)

C
Fig.1. Construction of the simplest family of I)ines on a plane )

The x coordinate of equation (3) represents the plane £,.(u, v) = u with the axis Oy
with an angle of inclination of 45 ° to the plane Oxy (Fig. 1, b), and the coordinate y - the
plane Z,(u, v) = v with the axis Ox (Fig. 1, c). The horizontal sections of these planes
Z.(u,v) = z; and Z,(u, v) = z; form two families of lines on the Oxy plane (Fig. 1, c). In
contrast to the parametric equation of the plane grid (2), in this case we have implicit
equations of curves:

Z,(wv)—z;=0,Z,(u,v)—z =0, (4)

where z; = z,..z,, — position of the cutting horizontal plane.
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1. Surfaces and families of flat lines depending on the indicator k
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Table 1 constructs isometric grids R (u, v), the surface Z,. (u, v), Z,,(u, v) and two

families of lines (4) for the index k = % 2,
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For the value of the index k = 2 of the function of the complex variable f(z) = z*
we obtain a quadratic flat isometric grid (line 2 of table 1):
R(u,v) = [u?— v?,2uyp,0], (5)
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the coordinates x and y are surfaces of hyperbolic paraboloids:
Z. (u,v)= u*—v? (6)
Z,(u,v) = 2uv. (7)
The cross sections of the plane z; of the surface (6) are hyperbolas with asymptotes
of the bisectors of the coordinate system Oxy, and the surfaces (7) are hyperbolas with

asymptotes of the axes of the Oxy coordinate axes, respectively:

u? —v?—z =0, (8)
2uvr—z; = 0. 9)
The partial derivatives of hyperbola (8) and (9) are equal to:
= (w2 —v2—z)=2u, —(u?—v?-z)=-2v, (10)
i (2uv —z;) = 2v, ;—u (Quv — z;) = 2u, (11)

confirming the mutual orthogonality of the family (8) and (9) hyperbola.

Table 2 constructs flat isometric grids R (u, v), the surface Z,(u,v) and Z,,(u, v)

depending on the function f (z) of the complex variable z.

2. Surfaces and families of flat lines depending on the function f (z)
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One of the applications of line families is the modeling of fluid flow lines that move

around certain obstacles, in particular, in the form of a cylinder (Fig. 2, a).

Fig.2 Modeling of fluid flow lines

For the function of the complex variable f(z) = z+i we obtain a flat isometric

grid with the parametric equation:

R(u,v) = [

The cross sections of the surface by the horizontal planes z; allow to obtain implicit

u(®+v? + 1) u(ui+v? +1) U]
1 1 .

(12)

u?+ 2 u + 2

equations of the family of lines that flow around the semicircle:

ui+v? +1) z, =0, (13)

u? + 2

where z; = —9m..0 — line parameter.
Conclusions. The mutual perpendicularity of two families of lines obtained in cross
section by horizontal planes of surfaces expressing the coordinates of the abscissa and the
ordinate of the parametric equation of a flat isometric grid is proved. An implicit equation

of the family of curved lines flowing around the semicircle is derive
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MNOBYJIOBA CIM'I IJIOCKUX KPUBHUX 3A TOIIOMOI'OIO PIBHSIHHSI
I3OMETPUYHOI CITKH
A. B. Hecgioomin, O. B. Heceioomina

AHoTaUis. Y cmammi poskpumo awnanimuunui onuc GopmysanHs cimenucmasa
OPMOCOHANBHUX NJIOCKUX KPUBUX JIHIU Y HESA6HOM)Y 6u2isidl HA OCHOBI AHANi3)
NapamempuyHo20 pIiBHAHHA NJIOCKOI [30MempuyHoi CimKu, nody008aHoi Gi00iIeHHAM
Oiticnoi ma ysenoi uacmur Gyuxyii komniekcuoi 3minnoi. Taxka nocmauoska 3adau
nog'szama 3 mum, WO MNIOCKI Ii30MempuuHi cimkKu, 5K 080 cim'i Opmo2OHANbHUX
KOOPOUHAMHUX NIHIL 3 K8AOPAMHUMU 0CEPeOKaMU, SUKOPUCIOBYIOMbC 8 KOHDOPMHUX
8I000padicentsl, HANPuKIad, NPU HAHECEHHI 300paMceHb HA KPUBONIHIUHI NOBEPXHI 3
HAUMEHWUMU CNOMBOPEHHAMU. Y mou dce uac, cim't niockux napaneavHux JiHil Wupoxo
3acmocosylomes 68 2e0MempUYHOMY MOOENI08AHHI MENIONEPEeHOCy, eNeKmMPUUHUX NOJlis,
meuii piounu mowjo. Mixc yumu eeomempudHumMu 00paszamu € neHUll 36'130K, NOSCHEHH
K020 NOKA3AHO HA KOHKPEeMHUX Npuxiadax. Auanimuyni GUKIAOKU BUBEOEHHS
napamempuyHo20 pIGHAHHA [30MEMPUYHOI CIMKU € 00CUMb MPYOOMICIMKUMU, MOMY iX
BUKOHAHHS 30IUCHIOEMbCA 8 cepedosuLyi cumeonbHoi aneeopu Maple. 3 yieto memoro 6yno
CMBOPEeHO GION0BIOHe NpocpamHe 3a0e3nedenHs IHMepaKmueHoi Mooeni BUBEOEeHHs.
NapamempuyHux pIiGHAHb [30MeMPUYHUX CIMOK 011 0Y0b-aK0i 8UXiOHOI YHKYIT
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8CMAHOBIEHO, WO 3HAYEHHA abCyuc i OpouHam naApamMempuyHo20 pI6HAHHA NIOCKOL
[30MempuyYHOi CIMKU MOJNCHA Npeocmasumu y ueisol A6HUX PIGHAHb NO8EPXOHb. [l
YIIUX CMynenie NOKA3HUK0B80I (YYHKYII KOMNIEKCHOI 3MIHHOIL 3a/1eHCHOCMI BelUYUH abCyuc
[ opounam OyOymv NpedCmAasIAMUC anceOPAiYHUMU NOBEPXHAMU 6 SBHOMY BUAOL
piensans. llpoexyii nepemunie nogepxonsb abcyuc i opouHam 20pU30HMAIbHUMU CIYUHUMU
NIOWUHAMU HA 2OPUBOHMANBHY NIOWUHY Gopmytomsb 081 CiM'i Kpusux NniHil, piBHAHHS
AKUX MOXNCHA Ompumamu milbKu 6 HesigHOMY e6uensaodi. Ha npuxnadi keadpamuunoi
@DYHKYIT KOMNIEKCHOT 3MIHHOT 008€0eHO, Wo Yi CIM'i MKl € 83AEMHO OPMO2OHANLHUMU.
3anesicno 6i0 cknaoHocmi yHKYIT KOMNAEKCHOI 3MIHHOL, ompumani cim'i niockux ninii
Modcymv mamu pisni popmu. Iloxkazano npakmuyte 3acmocysamnus nooyooeu cim'i ninii
OJ1s1 2e0MEeMPUUHO20 MOOENIOBAHHS NIHIU NOMOK)Y PIOUHU, SKI 0OMIKaoms nepeukooy y
6U2NIA0I NIBKOIA.

Kuarw4oBi cioBa: i3omempuuni cimku, @Qyukuyii KomnjiekcHoi 3minnoi, cim'i
OPpMO2OHAIbHUX JIIHIl, 2e0MEMPUYHE MOOETIOBAHH A

IHOCTPOEHHUE CEMbBH IIVIOCKUX KPUBBIX C IIOMOIIBIO YPABHEHUSA
U30METPUYECKOU CETKH
A. B. Hecéeuoomun, A. B. Heceuoomuna

AHHOTAUUSA. B cmamve packpeimo auaiumuyeckoe ORUCAHUE QOPMUPOBAHUSL
cemell OPMO2OHANILHLIX NJIOCKUX KPUBLIX JUHUL 6 HEeA8HOM 6ude HA OCHO8e aHAIU3A
NapamempuiecKo20  YpasHeHusi NJIOCKOU  U30MEMpPUYecKou CcemKu, NOCMpPOeHHOU
omoeieHuem OeucmeumenbHol U MHUMOU dacmel (QYHKYuu KOMNIEKCHOU nepemMeHHOL.
Taxas nocmanoska 3a0ay ce43ana ¢ mem, Ymo NJIOCKUe U3oMempuiecKue cemku, Kak 06e
ceMbl OPMOLOHATILHBIX KOOPOUHAMHBIX TUHUL C K8AOPAMHBIMU AYEUKAMU, UCNOIb3VIOMCS
8 KOHQOpMHLIX omobpadxceHus, Hanpumep, NpU HAHECeHUU U300PaAdCeHuli Ha
KPUBOIUHElIHbIe NOBEPXHOCMU C HAUMEHbUUMUY UCKAdCeHUusMU. B mo oice epems, cembvu
NJIOCKUX NAPANNENbHbIX JTUHUL WUUPOKO NPUMEHSION 8 2e0Mempuyeckom MoO0eiuposanuu
menjionepeHoca, 1eKmpuieckux noaeti, meuyeHus sxcuokocmu u m. 0. Meoxcody smumu
2eomempuiecKuMy 0opa3amu ecmov OnpeoeneHnds Cs3b, 00bIACHEHUE KOMOPO20 NOKA3AHO
Ha KOHKpemHbIX npumepax. AHanumuyeckue 6bIKIAOKU 6bl800Ad NAPAMEMPULECKO2O
VPAGHEHUsL U30OMEMPUYECKOU CeMKU ABNAIMCL 00CMAMOYHO MPYOOEMKUMU, NHOIMOMY UX
8bINOJIHEHUE OCYWEeCMBIAemcs 8 cpede cumMBobHou aneeopwl Maple. C amoti yenvto 6b110
C030aHO coomeemcmeyujee NpocpamMmHoe obecnedenue UHMEPaAKMUEHOU MOoOoenu
8616004 NAPAMEMPUUECKUX YPABHEHUU U3OMEMmPUYecKuUx Cemok OJs ar000U UCXOOHOU
@DYHKYUU KOMNAEKCHOU NepeMEeHHOU C NOCAedYIouUM omoeneHuem OeucmeumensHou u
MHUMOU ee uacmeu. bwino ob6Hapysiceno, umo 3HaueHue abcyucc U OpOUHAmM
napamempuiecko20 yYpasHeHus: ni0CKoU U30MeMpPUYecKou CemKu MO}CHO NPedCmasums 8
8UOe ABHbIX VPAGHEHUl No8epXHOcmel. J[is yenvlx cmeneHel noxKazamenvHou @yHKyuu
KOMNJIEKCHO20 NEPEeMEHH020 3ABUCUMOCMU 8eluduH aobcyucc u opounam 0yoym
npeocmasiamovcs aneedpauiecKuMy no8epXHOCMAMU & I8HOM 8ude ypasHenut. IIpoexyuu
ceyeHull nogepxHocmeti adCYUCc U OPOUHAm 20PU3OHMATLHLIMU CEKYWUMU NIOCKOCMAMU
Ha 20PU3OHMANILHYIO NIOCKOCMb (OpMUpyiom 08e ceMblU KpPUBbIX JUHUL, VPAGHEHUS
KOMOPBIX MOJCHO NOJYYUMb MONbKO 8 HesaeHoM eude. Ha npumepe keadpamuunotl
QYHKYUU KOMNIEKCHO20 NEPeMeHHO020 OO0KA3aHO, YMO MU cembl JUHUL S6/1emcs
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83AUMHO OPMO2OHANLHLIMU. B 3asucumocmu om cinodchocmu @QyHKYuu KOMNIEKCHOU
NepemMeHHOlU, NOJYYEeHHble CeMbU NAOCKUX JUHUL MO2YM UMemb pasiuyHvlie Qopmbi.
llokazano npakmuueckoe npumenenue NOCMPOEHUS CeMbU JUHUL Ol 2e0OMEeMPULECKO20
MOOeNUpOB8aHUs TUHULL NOMOKA HCUOKOCHU, KOMmopbvle 0O0meKarm npensimcmeue 6 euoe
noJyiyKpyea.

KirwueBble caoBa: uzomempuueckue cemku, @YHKUuu  KOMNJIEKCHOU
NepemMeHHOIl, CeMbU OPMOZOHANbHBIX TUHUIL, 2E0MEMPUYUECKOE MOOEIUPOBAHUE

CONSTRUCTION OF A FAMILY OF FLAT CURVES ACCORDING TO THE
EQUATIONS OF ISOMETRIC GRIDS
V. Nesvidomin, S. Pylypaka, A. Nesvidomina

The article reveals an analytical description of the formation of families of
orthogonal flat curved lines in the implicit form based on the analysis of the parametric
equation of a flat isometric grid constructed by separating the real and imaginary parts of
the function of a complex variable. This formulation is due to the fact that flat isometric
grids, as two families of orthogonal coordinate lines with square cells, are used in
conformal mappings, for example, when applying images to curved surfaces with the least
distortion. At the same time, families of flat parallel lines are widely used in geometric
modeling of heat transfer, electric fields, fluid flow, etc. There is a connection between
these geometric images, which is explained by specific examples. Analytical calculations
of deriving the parametric equation of an isometric grid are quite time-consuming, so their
implementation is carried out in the environment of symbolic algebra Maple. For this
purpose, the corresponding software of the interactive model of the derivation of
parametric equations of isometric grids for any initial function of a complex variable with
the subsequent separation of its real and imaginary parts was created. It was found that
the values of the abscissa and ordinates of the parametric equation of a flat isometric grid
can be represented as explicit surface equations. For the exponential function of the
complex variable, the abscissa and ordinate values will be represented by algebraic
surfaces explicitly. The projections of the sections of the abscissa and ordinate surfaces by
horizontal cutting planes on the horizontal plane form two families of curved lines, the
equations of which can be obtained only implicitly. By the example of the quadratic
function of a complex variable, it is proved that these families of lines are mutually
perpendicular. Depending on the complexity of the function of the variable, families of
lines can have different shapes. The practical application of building a family of lines for
geometric modeling of fluid flow lines that flow around the barrier in the form of a
semicircle is shown.

Keywords: isometric grids, functions of a complex variable, families of orthogonal
lines, geometric flow modeling.
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