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Abstract. Analytical description of an one-parameter
set of an associated minimal surfaces formed under their
continuous bending, using complex variable was made.
To find the equation of isotropic lines, parametric
equations of logarithmic spiral and evolvent of circle
defined by functions of natural parameter with complex
curvature were used. Isotropic lines parametric equations
are obtained from the condition of differential arc of
spatial curve equality to zero. Analytical description of
minimal surfaces and connected minimal surfaces were
made in complex space with isotropic lines of grid
transfer.

Expressions of the first and second quadratic forms
of generated minimal surfaces coefficients were found. It
is shown that the mean curvature of formed minimal
surfaces equals zero at all points.

We investigated that minimum surface and
connected minimal surface, which are formed on the base
of isotropic line with the help of a logarithmic spiral with
curvature of complex value share common properties with
appropriate curvature surfaces built using logarithmic
spiral curvature of actual value. Using various methods of
analytical description of isotropic lines with evolvent of
circle with curvature of complex value, minimal surfaces
that with the replacement of variable have common
properties with a curvature, but different metric
characteristics were constructed.

Analytical description of one-parameter set of
associated minimal surfaces allows to control their shape
for solving various applications. Parametric equations of
minimal surfaces were found in the form of elementary
functions, allowing to explore their geometric properties
and differential characteristics to optimize engineering
methods of technical forms and architectural
constructions design.

Key words: one-parameter set of associated minimal
surfaces, isotropic line, logarithmic spiral, evolvent of the
circle, function of a complex variable, complex curvature,
mean curvature of a surface.

Introduction

An important problem of modeling of continuous
frame of engineering forms and architectural
constructions is taking into consideration their geometric
and differential characteristics.

That’s why the most essential are the design methods
of curves and surfaces under specified conditions [1-3],
research of trajectory of material points motion on the
surface of the technical forms [4, 5], means of applying
images to curved surfaces [6].

Formulation of problem

The average curvature at all points of a minimal
surface equals zero, which is a prerequisite for solving the
problem of finding the smallest surface area, which passes
through a given plane or spatial curve. The geometrical
shape of minimal surface provides even distribution of
efforts in the shell of surface and extra rigidity. [7]

The first researches of minimal surfaces are known
from J. Lagrange’s publications, he considered a practical
problem [8]: "To find the smallest surface area that
stretched to the specified contour"  (1786).
J. Lagrange concluded that the smallest surface area,
given by the function must satisfy Euler-Lagrange
equation [8]:

0%z 0%z 0%z
1+0%)— -2 1+ p?)=— =0, 1
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where: p=— q—@
oo oy

G. Monge in 1776 found that the equality of mean
curvature to zero is a prerequisite of minimal surface area.

Euler-Lagrange’s differential equation (1) generally
is not integrated so one of the modern research directions
of minimal surfaces analytical description is to improve
methods of numerical integration [9, 10].

In works [7, 11-13] for designing surfaces of
technical forms and architectural constructions, grapho-
analytical methods of surfaces construction close to
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minimal were developed. Geometric modeling of
deformed sheet of parabolic reflector that takes a shape
close to the minimum surface was made in the
research [14].

A special area of research related to finding
analytical description of minimal surfaces using the
elementary functions is development of methods that use
complex variable properties.

Analysis of recent research results

To find analytical description of minimal surfaces by
means of complex variable it is necessary to find
parametric equations of zero length isotropic lines [15].

The authors of the research [16, 17] found
parametric equations for isotropic lines according to
Weierstrass and Schwarz formulas only in some cases.
Modeling of isotropic lines with the help of fundamental
splines was considered in work [18]. The method of
analytical description of minimal surfaces using isotropic
curves that lie on the surfaces of rotation assigned to
isometric grid lines was realized in works [19-21]. In
work [22] for analytical description of isotropic lines
parametric equations of logarithmic spiral defined by
functions of natural parameter with real curvature were
used.

The opportunity to study analytical description of
isotropic lines and corresponding minimal surfaces using
planar curves with complex curvature value is required.

Purpose of research

To find analytical description of isotropic lines using
parametric equations of logarithmic spiral and evolvent of
circle, defined by functions of natural parameter with the
complex curvature. Using isotropic lines to find analytical
description of one-parameter set of associated minimal
surfaces formed at their continuous bending.

Results of research

Consider a plane curve, given by the complex
curvature value:

k(s)= ——

i-a-s’
where: a — parameter curve,
the arc length of the curve.

If a=-—1, then expression (2) define curvature of
logarithmic spiral.

Curvature of a plane curve K(S) is determined from
the formula [23]:

d(D
k(s) = —— 3
(s)= i )

where: @ — angle between tangent curve and X -axis.

)

| —imaginary unit, S—

Calling the condition ¢(0)=0, we get plane
curvature equation [23] from natural parameter S :

1(9)=(0)+feos (s |,
y(s) = y(0)+ isin[i k(s)ds} ds.

Substituting the expression of complex curvature
values (2) y (4), then under the conditions X(0)=0 i

y(0) =0, get:
ool o]
-1 a a

(4)

X(s) = ai‘

i-za-s'{_ch(lnsj . h(lnsﬂ
a -1 a a
From condition [15] (x’)2+(y’)2+ +(Z')2 =0

define the expression z(S)=1-S and write parametric
equations of isotropic spatial lines:

X(5) = a: s {a-ch(lnsj— h(lnsﬂ
a’-1 a a
y(s) =2
a

a-s ~[— ch(ln—sj + ash(ln—sﬂ, (6)
-1 a a

z(s)=i-s.

To find the equations of minimal and associated
minimal surface, it is necessary to introduce replacement
in isotropic curve parametric equations (6) [22]:
S=uU-+1i-Vv. Then we get parametric equations of

minimal surface X (u,Vv), Y (u,v),Z(u,v):
X (u,v)=Re{x(u+i-v)}
Y (u,v)=Re{y(u+i-v)}, )
Z(u,v)=Re{i-(u+i-v)},
and associated minimal surface X (u,v), Y (u,v),
Z"(u,v):
X" (u

(5)

y(s) =

V)= Im{x(u+i-v)},
Y (u,v)=Im{y(u+i-v)}, (8)

Z"(u,v)=Im{i-(u+i-v)}

Separating real and imaginary parts for each function
(6), according to (7), (8), get the equation of minimal
surface:

X(u,v)= za_l'[u -cos(48)- (achy —shy)-
—v-sin(g)-(ashy —chy)],
Y(u,V):aZa—l'[V-COS(ﬁ)'(aSh7‘Ch7)+
+u-sin(B)-(achy —sh )],
Z(u,v)=-

(©)
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where: [ = ﬂ(u;v): iarctg(%j,

In(u2 +v2)
y=y(u;v) o
and associated minimal surface:
X"(u,v)= aza 1-[v-cos(,3)-(ach;/—sh 7)+

+u-sin(p)-(ashy —chy )],

Y*(u,v)zaza_l-[u -cos(f)-(~ashy +chy)+ (10)
+v-sin(B)-(achy —shy]],
Z (u,v) =u,
T | v . _In(u2+v2)
where: ﬂ(u,v)_garctg(aj, y(upv)= —

Fig. 1. Minimal surface built on equations (9).

In Fig. 1 minimal surface is shown, in Fig. 2
associated minimal surface is shown, which were built

according to equations (9), (10) accordingly at a=0,9,
ue(0; 4] vel-3..3].

Fig. 2. Associated minimal surface built on

equations (10).

We find coefficients of the first quadratic form of
surface X (u,V), Y (u,Vv),Z(u,V), which define metric
properties of the surface according to the formulas [23]:

2 2 2
E=(X,) + (Vo) +(2h),
F=X-Xy+Yy-Yy+2)-2Zy,
G = (X, ) +(vyf +(zyf.

The coefficients of the first quadratic form of
minimal surface (9) and the associated surface (10) equal

(11)

to:
2
In(u? +v?
E=G= —( ) , F=0. (12)
2a
We find expressions of a second quadratic form of
surface X (u,Vv), Y(u,v),Z(u,Vv), that define the

surface curvature properties of according to the formulas
[23]:

X Yu Zu
L=ﬁ~ X' vz,
X, Y, Z
Loz
M X Y 7
X, Y, Z
X Yo Zy
N =ﬁ- X' Yz
X, Yy Z,

The coefficients of the second quadratic form of
minimal surface (9) equal to:

L=—N=-Y  M=—""
alu? +v?)’ alu? +v?)

The coefficients of the second quadratic form of
associated minimal surface (10) equal to:

* * u * V
L=-N =- iz 2)’ M=~ (2 2)'
a\u® +v a\u® +v
The coefficients of the first and second quadratic
forms of the constructed minimal surfaces (9) and (10),
turn the expression of mean curvature

E-N-2-F-M+G-L
2[E-G-F?)
surfaces to zero.

Comparing expressions of coefficients of quadratic
forms, it should be noted that for isotropic line (2) with
complex curvature constructed minimal surfaces (9) and
(10) that have common properties curvature but different
metric properties of minimal surfaces formed by the study
[22] with isotropic curve found based on parametric
equations logarithmic spiral.

Minimal surfaces built on equations (9) and (10)
have the same expression (12) of coefficients of the first
quadratic form, that’s why they allow continuous bending
one above the other. Equations of one-parameter set of

for each of the specified
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associated minimal surfaces formed with continuous
bending are of the form [22]:

X, (u,v)=X(u,v)cosp+ X" (u,v)sin ¢,

Y,(u,v)=Y(u,v)cosp+Y (u,v)sing,  (14)

Z,(u,v)=2Z(u,v)cosp+Z"(u,v)sin ¢,
where: X(u,v),Y (u,v),Z(u,v) - parametric
equations of minimal surface (9),

X"(u,v),Y " (u,v),Z"(u,v) — parametric equations of
associated minimal surface (10), ¢ — bending parameter

2
It is obviously that @ =0 equations (14) define the

of surfaces, @ € [O; Z}.

T
minimal surface (9), at @ = E equations (14) define the

associated minimal surface (10), for other values

T . . . -
(DE(O' Ej equations (14) define associated minimal Fig. 4. Associated minimal surface built on

3r
surfaces [19]. equations (14) in accordance with ¢ = 5

All associated minimal surfaces have equal
corresponding expressios (12) of the first quadratic form
coefficients.

Consider a plane curve, given by complex value of
the curvature:

k() = ——— (15)
J2a-i-s
where: a— the parameter curve, |— imaginary unit,
S — arc length of a curve.
If a=-—i, then expression (15) specifies the

curvature of evolvent of a circle. Substitute the value of
complex curvature (15) in (4), then under meeting the

conditions X(0) =0 and y(0) =0, obtain:

. 2is 2is . 2is
X(s)=i-alcos,/[—-— +,[——sin, . [-— |,
a a a
. 2is 2is . 2is
y(s)=—i-a| ,|—-—co0s,/[—— —sin . [-— |.
a a a

From condition (X')2 + (y’)2 + (Z')2 =0 [15]
define the expression z(S)=1i-S and write the
parametric equations of a spatial isotropic line:

Fig. 3. Associated minimal surface built on X(S):i‘a{cos\/_Z_ier\/_Z_issin\/_Z_iS]
d

. . . T a a
equations (14) in accordance with ¢ = Z .

. 2is 2is . 2is
_ o _ y(s)=-i-a| ,[-—co0s,[-— -sin . [-— |, (17)
In Fig. 3 we show a minimal associated surface a a a

constructed on equations (14) in accordance with ¢ = — 2(s)=i-s
4 To find the equations of minimal and associated
,a=09, ue(0; 4], vel-3..3]. minimal surface it is necessary to change parametric
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equations of isotropic curve (17) [22]: S=U+i-V.
Then, we will obtain a parametric equations of minimal
surfaces X, (u,v), Y, (u,v),Z,(u,v):

X, =-a-m-ch(m-sina)-sin a-sin(m-cosa )+
+ash(msin a)x
x[sin(m-cosa’)—m-cos & -cos(mcos )],

Y, =—a-m-ch(m-sina)-sin & -cos(m-cos e )+
+ash(msin a)x
x [cos(mcosa )+ mcos asin(mcos )]

Z,(u,v)=-v

(18)

I

2 2
where: m:m(u;v)zﬁ (u Y j ,

2
a=a(uv)= —%arctg(%)

a
and associated minimal
Y, (u,v),Z, (u,v):
X, =-a-m-sh(m-sin &)sin o -cos(m-cos &) +
+a-ch(msin a)x
x [cos(m-cos &)+ m-cos a -sin(m- cos )}

surface Xl* (u,v),

Y," =a-m-sh(m-sin &)-sin & -sin(m-cos )+ (19)

+ach(msin a)x
x[~sin(m-cos &)+ m-cos & - cos(m cos )}
Z, =u.

L

Fig. 5. Minimal surface built on equations (18)

In Fig. 5 a minimal surface is shown, Fig. 6 shows an
associated minimal surface, that are built on equations

(18), (19) in accordance with a =0,5,
v e (0; 16]

uel-3..3],

Fig. 6. Associated minimal surface built on

equations (19).

The coefficients of the first quadratic form of
minimal surface (18) and the associated surface (19)
found by formula (11) equal to:

1
2,2 \2
E=G=ch’ ﬁ[#j sin(larcthJ ;
a 2 v

F=0.
The coefficients of the second quadratic form of
minimal surface (18) found by formula (13) equal to:

1

2 7

LN = 2v - 2+2u u? +v2 y
2(u +v) a’

{(vz—uz)sin@arctg ) 2uvc03( arctg ﬂ
e

x (v2 —u? )cos(§ arctg EJ + 2uvsin[§ arctg Ej :
2 Vv 2 Vv

The coefficients of the second quadratic form of
associated  minimal  surface  (19) equal to:

L'=—-N"=-M, M =—L,

where: M and L - the coefficients of the second
quadratic form of minimal surface (18).

The coefficients of the first and second quadratic
forms of the constructed minimal surfaces (18) and (19),
turn the expression of mean curvature

E-N-2-F-M+G-L
2[E-G-F?)

surfaces to zero.

(20)

PN le

for each of the specified
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Minimal surfaces built on equations (18) and (19)
have equal expressions (20) of the first quadratic form,
that’s why they allow continuous bending one upon the
other. Equation of a one-parameter set of associated
minimal surfaces formed under continuous bending are of
the form [22]:

X, (u,v)= X, (u,v)cosp+ X, (u,v)sin g;
Y, (u,v)=Y,(u,v)cosp+Y, (u,v)sin g; (21)
Z,(u,v)=Z,(u,v)cosp+Z, (u,v)sing,
where: X, (u,v);Y;(u,v);Z,(u,v)— parametric
equations of minimal surface (18),

X, V)Y, (U V) Z, (u,v) -
equations of associated minimal surface (19),

parametric

T
@ — bending parameter of surfaces, @ € {0; E}

. . -, . T
Fig. 7. Associated minimal surface built at ¢ = g .

V4
Fig. 8. Associated minimal surface built at ¢ = Z .

At @ =0 equations (21) define minimal surface

T
(18), at @ = E equations (21) define associated minimal

T
surface (19),at other values @ € (O; E) equations (21)

define associated minimal surfaces [19].
In Fig. 7, Fig. 8, Fig. 9, Fig. 10 images associated
minimal surfaces built on equations (21) in accordance

for a=0,9, uel-3..3], ve(0;10] atq):%,

V4 Vs 3
=—, @=—, @=— respectively are built. These

@ 6 @ 4 ® 8
minimal surfaces are formed under continuous bending of

a minimal surface (18) to attached minimal surface (19).

V4
Fig. 9. Associated minimal surface built at ¢ = § .

AFig. 10. Associated minimal surface built at
3

(P8-
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All built associated minimal surfaces have equal
corresponding expressions (20) of the first quadratic form
coefficients.

Consider a plane curve, given by complex value of
the curvature:

|
k(S) = —,
) vJ2a-i-s
where: a — the parameter curve,

S — arc length of a curve.
Substitute the value of complex curvature (22) in (4),
then under meeting the conditions X(0)=0 and

y(0) =0, obtain:

X(S):a[_ChE+E‘S“E}
() =i- a[\/7 E‘hf}

From condition ') )2+( =0 [15, p.
14] define the expression Z(S)—I S and write the
parametric equations of a spatial isotropic line:

X(s) = a[—ch \/g+\/§-sh \/g}
a a a
y(s) :i-a{\/g-ch\/g—sh \/g} (24)
a a a

z(s)=i-s
To find the equations of minimal and associated
minimal surface it is necessary to change parametric
equations of isotropic curve (24) [22]: S=U-+i-V.
Then, we will obtain a parametric equations of minimal
surfaces X, (U,V), Y, (u,v),Z,(u,v):
X, = a-m-sh(m-cose)-cose - cos(m-sin &) —
—a-ch(m-cosa )x
x[cos(m-sin @)+ m-sina -sin(msina )},

(22)

| — imaginary unit,

(23)

Y, =—a-m-sh(m-cosa)-cose -sin(m-sin )+ (25)
+a-ch(msina)x
x[sin(mcos @)~ msin a cos(msin &)},

Z,(u,v)=-v,

u2+v2%
where: m = m(u;v):\/E . ,
a
1 v
= a(u;v)=——arctg| —
aluv)=—3 g(uj
and  associated  minimal  surface X, (U,V),

Y, (u,v),Z, (u,v):

X, =a-m-ch(m-cosa)cosa -sin(m-sina)+
+a-sh(m-cosa)x
x[~sin(m-sina)+m-sina - cos(m-sin )},
Y, =a-m-ch(m-cosa)-cosa - cos(m-sina) - (26)
—a-sh(m-cosa)x
x[cos(m-sine)+m-sina -sin(m-sina)]
Z, =u.
The coefficients of the first quadratic form of
minimal surface (25) and the associated surface (26)

found by formula (11) equal to:
1

2 ,.,2\7
E=G=ch? ﬁ[u A ] cos(larctgvj ,
a 2 u

(27)

F=0.

The coefficients (27) of the first quadratic form of
minimal surface are different from coefficients (20). For a
plane curve given by complex value curvature

i
k(s)= ——
®) V2a-i-s’

the first quadratic form of corresponding minimal
surfaces.

The coefficients of the second quadratic form of
minimal surfaces (25), (26) coincide with the coefficients
of the minimal surfaces (18), (19), using the change of
variables U to V.

The minimal surfaces (25), (26) have different metric
properties with minimal surfaces (18), (19) respectively,
but they have common properties of surface curvature.

it is possible to find coefficients of

Conclusions

1. The proposed method of finding isotropic curves
parametric equations based on the logarithmic spiral and
evolvent of circle with complex curvature allows to
determine analytical description of one-parameter set of
associated minimal surfaces formed under their
continuous bending.

2. It is investigated that minimal surface and
associated minimal surface, which are formed on the basis
of a isotropic line using logarithmic spiral with curvature
of the complex value share common properties of
curvature with appropriate surfaces built using
logarithmic spiral curvature of the real value. Using
various methods of analytical description of isotropic
lines with the help of evolvent of circle with curvature of
complex value, minimal surfaces that with the
replacement of variables have common properties of a
curvature, but different metric characteristics were
constructed.

3. Parametric equations of minimal surfaces were
found in the form of elementary functions, which allows
to explore their geometric properties and differential
characteristics to optimize engineering methods to design
technical forms and architectural constructions.
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BE3INEPEPBHE BUI'OTOBJIEHHA MIHIMAJIBHUX
IMTOBEPXOHb, COOPMOBAHNX 3ACOBAMU
[IJIAHOBUX KPMBUX KOMITJIEKCHOI1

KPIBATYPU
C. @. Ilununaka, M. M. Myxeuu
AHoTauis. 3pobieHo AHATI THYHIH ormmc

OJTHOIIAPaMETPUYHOT0 HAOOpy MOB’S3aHUX MiHIMAJIbHUX
TIOBEPXOHb, YTBOPEHHX TPH iX Oe3nepepBHOMY 3THHaHHI,
BUKOPDHCTOBYIOUHM CKJIQAHY 3MiHHY. Jlng momryky
PIBHSHHS  130TPONIHMX  JHIH OyiaM  BHUKOpHCTaHi
rapaMeTpuuHi piBHSHHA JorapudmivyHoi cmipanmi Ta
€BOJIIONI] KOJa, BHM3HAueHI (QYHKUIAMH HPUPOIHOTO
mapameTpa 31 CKJIAQIHOI KpWBH3HOWO. [lapamerpudHi
PIBHSHHS 130TPONMHHUX JIHIA BHXOIATH 13 yMOBH
nudepenniadbHOl AYTH PIBHOCTI MPOCTOPOBOI KPUBOI 110
HyJs. AHANITHYHUA OMUC MiHIMAaJbHUX MOBEPXOHb Ta
3’€lHAaHNX MiHIMAIBHUX TIOBEPXOHb OYyB 3pOOIIEHUHA Yy
CKJIaTHOMY TPOCTOpi 3 i30TPOIHWUMH JNiHIAMH TIepeadi
CITKH.

3HaiiIeH0 BUpa3M MepiIoi Ta APYroi KBaAPaTHUIHHUX
(GhopM YyTBOpPEHUX MiHIMATBHUX KOC(II[IEHTIB TOBEPXOHb.
IlokazaHo, 1m0 cepemHss  KpPHBHU3HA  YTBOPEHHUX
MiHIMaJbHHUX TOBEPXOHb JOPIBHIOE HYJIIO Y BCIX TOYKaX.

Mu pocmimxyBany, mO MiHIMadbHa TOBEpPXHS Ta
OB ’s13aHA MiHIMallbHA TIOBEPXHS, AKI (OPMYIOTHCS Ha
OCHOBI 130TpOIHO{ IiHIT 32 JOIOMOTO0 JIOTapUPMITHOL
cripaini 13 KPpHBH3HOIO CKJIQJHOTO 3HAYECHHS, MOAIISIIOTH
3arajbHi BJIACTUBOCTI 3 BIJNOBIIHUMH TIOBEPXHIMHU
KPHUBH3HH, TTOOYIOBAaHNMH 3a JJOIIOMOT'OF0 JOTapu(pMidHOT
cripanbHOl KPUBU3HI (axTr4HOT BETMYMHHU.
BukopucToBytoYM pi3HI METOJM aHANITHYHOTO OIHUCY
I30TPONHUX JIiHIH 3 PO3BUTKOM KOJa 3 KPUBU3HOIO
CKJIaJIHOTO 3Ha4yeHHs, Oynu mNoOymoBaHI MiHIMalbHI
MOBEPXHi, SKI HpU 3aMiHi 3MIHHOI MalOTh CIILIBHI
BJIACTHBOCTI 3 KPHBH3HOIK, ajue pi3HI METpHUYHI
XapaKTEePUCTHKH.

AHanTHYHUI OmHuC OJHONapaMeTpUYHOro Habopy
NOB’SI3aHNX  MIHIMAJIbHUX  TIOBEPXOHb  JO3BOJISIE
KOHTPOJIOBAaTH iX QopMy I BHPINICHHS PI3HAX
3acTocyBaHb. llapameTpwyHi pIBHSHHSI MiHIMAJIBHUX
MMOBEPXOHb OyiHM 3HAWICHI y BHILIII eJIeMEHTapHUX
GyHKIINA, 00 JO3BOJSIOTH IOCHITUTH IX T€OMETPHYHI
BJIACTHBOCTI Ta JAU(EpeHLialbHI XapaKTepPUCTHKU IS
onTuMizalil  IHKEHEpHHX  METOMIB  IPOEKTYBaHHS
TEXHIYHUX (OpM Ta apXiTEeKTYPHUX KOHCTPYKIIiii.

KoarouoBi cimoBa: onHomapameTrpuuHuii  Habip
acoIifloBaHUX MiHIMAJIIEHUX TIOBEPXOHB, 130TPOITHA JiHis,
morapupMivyHa CHipanb, €BONIOLiA Koia, (QyHKIISA
CKJIaAHOI 3MIHHOI, KOMIUICKCHAa KpHBH3HA, CEpPEIHS
KpPHUBH3HA ITOBEPXHI.

HEITPEPBIBHOE U3I'OTOBJIEHUE
MUHUMAJIBHBIX TTOBEPXHOCTEW,
COOPMHUPOBAHHBIX CPEACTBAMMU ITJTAHOBBIX
KPUBBIX KOMIUIEKCHOU KPUBATYPHI
C. @. Ilununaxa, H. H. Myxeuy

AHHoOTauMA. BRIIOTHEHO aHAIMTUYECKOE OIMMCAHHE
OJHOIIAPaMETPUYECKOTO Habopa CBSI3aHHBIX
MUHHMAJIBHBIX TIOBEPXHOCTEH, COOPMUPOBAHHBIX MPH UX
HETPEPBIBHOM H3rHOE, C HCIOJIB30BAHUEM CIIOKHOU
nepeMeHHo. {1 HaxOoXXAeHUs] ypaBHEHHS HW30TPOIMHBIX
JIMHUT ObLIN HCIOJIb30BaHbI rnapamMeTpuiecKue

yYpaBHEHHS JIOTApU()MUUECKON CHHUPATH M 3BOJIHBEHTHI
OKPYKHOCTH, OompenessieMble (QyHKIUSIMH HAaTypalbHOTO
rnapameTpa Co CIOXHOW KpUBU3HOM. M30TponHbIE IMHUN
MapaMeTPUYECKUX YPAaBHEHHUH IOJydyeHBl W3 YCIOBHSA
muddepeHnInanbHON TyTH MPOCTPAHCTBEHHOW KPHBOIA,
paBHOH HyII0. AHaIUTHYECKOE ONMHCAaHUE MUHUMAIbHBIX
MOBEpPXHOCTEH u CBSA3aHHBIX MUHHMAaJIbHBIX
MIOBEPXHOCTEIl BBINOJIHEHO B CJIOKHOM IIPOCTPAHCTBE C
HM30TPOTIHBIMU JINHUSIMU IIEpEHOCA CETKU.

Halinensl  BbIpa)keHHMs  IEpBOM U BTOPOH
KBaZIpaTU4HBIX (OPM CreHepHPOBAHHBIX KOAI(P(HUIIMEHTOB
MUHHUMAJBbHBIX MoBepxHocTel. IlokazaHo, 4TO cpenHas
KpUBHU3HA cOpMUPOBAHHBIX MUHHMMaJIbHBIX
MIOBEPXHOCTEHN paBHA HYJIIO BO BCEX TOYKAX.

MBI Hccae10Bany, 9T0 MUHUMAaJIbHAs TOBEPXHOCTH U
CBA3aHHAas  MHHHMMajbHas  IOBEPXHOCTb,  KOTOPBIE
cOopMHUpOBaHBl Ha OCHOBE W30TPOIHOW JMHUH C
TIOMOIIBIO JIOTApU(PMUUECKON CHOHpamd C KPUBHU3HOH
CIIO)KHOTO 3HA4eHHUs, MMEIOT o0Iue CcBoiicTBa C
COOTBETCTBYIOLTUMHU KpUBH3HAMU MIOBEPXHOCTEH],
NOCTPOCHHBIX C HCIOJb30BaHHEM JIOTapH(MHUYECKOI
CIIUPAJbHOU KPHUBU3HBl JICHCTBUTEIBHOIO 3HAYCHUS.
Hcnonp3ys  pasnuuHble  METOABl  AHATUTHYECKOIO
OMHCaHMsA  M30TPONHBIX JIMHHA €  BBLACICHHUEM
OKPY)KHOCTH C KPHUBU3HOM KOMILIEKCHOTO 3HAUYECHHS,
ObUTH CO3/1aHBl MHHHMMAJbHBIC TMOBEPXHOCTH, KOTOpBIE
IIpU 3aMEHE MEPEeMEHHOM MMEIOT oOIue CBOHCTBa ¢
KPUBH3HOW, HO  OBUIM  TIOCTPOEHBI  pa3/INYHBIC
METPUYECKUE XapaKTEPUCTUKU.

AHaJIUTHYECKOE ONHCAaHHE OJHONAPAMETPUYECKOTO

HaOopa  CBS3aHHBIX  MHMHUMAQJIBHBIX  IOBEPXHOCTEH
NO3BOJISIET KOHTPOJIMPOBaTh HMX (GOpMY JUIS pELICHUs
pasnuuHbIX  3azad.  Ilapamerpuueckue — ypaBHEHUs

MHUHMMAJIbHBIX TOBEPXHOCTEH OBIIM HaHIEHBI B BHJE
3JIEMEHTAPHBIX (QYHKITHH, MO3BOJIIOMNX HCCIIE0BATh UX
reoMeTpUYecKne CBOHCTBA U auddepeHnuansHbe
XapaKTEepUCTHKH, ONTHMU3UPOBATh WHXKEHEPHBIE METOJIbI
MIPOCKTUPOBAHMS TEXHUYECKUX (POPM U apXUTEKTYPHBIX

COOPYXKEHHH.
KaioueBbie cioBa: OJTHOTIApaMETPHIECKOE
MHOKECTBO aCCOLMUPOBAHHBIX MHHHUMAaJIbHBIX

MOBEPXHOCTEH, HW30TPONHAs JIMHUSA, JIorapupMHUUEcKas
CIMpalib, ABOJBBEHTHBIA KPYT, (QYHKIUS KOMIUICKCHOMN
NIEPEMEHHOM, KOMIUIEKCHAsA KPUBU3HA, CPEHSS KPUBU3HA
MIOBEPXHOCTH.
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