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Abstract. The discrete-continual model of the rod of 

variable section for the analysis of oscillations of 

telescopic rotor systems of cranes is substantiated. 

As methods for solving the basic equations (for 

bending type oscillations), the methods of Ritz and 

Budnov-Galerkin using the Relay formula are used to 

calculate the proper frequency of oscillations of the 

considered system using a model with lumped parameters 

(discrete models) and taking into account the distributed 

properties of the systems being studied. 

The approaches used for the thorough analysis of the 

continual (distributed) properties of telescopic boom 

systems of mobile cranes and the analysis of variations of 

oscillations (longitudinal, twisting and bent) of telescopic 

boom systems of autocranes taking into account the 

circumstances of mass distribution along the arrow (rod) 

with a variable section of the rod along its length.  

Approximate methods of analysis and improvement 

of methods for calculating various types of oscillations 

that arise in the rods of a variable section are presented, 

within the framework of consideration of telescopic boom 

systems of cranes as having discrete - continual 

properties. 

Equations are constructed using the Bubnov-

Galerkin method in the problems of longitudinal or steep 

oscillations of telescopic rotor systems of cranes. 

Key words: model, rod, variable section, analysis, 

oscillations, telescopic boom system, truck cranes. 

 

 

Introduction 

 

To analyze the kinds of oscillations (longitudinal, 

twisting and bending) telescopic boom cranes systems 

should take into account the fact that the weight is 

distributed along the arrows (core) and core section is 

variable along its length. 

In this case, instead of, for example, the classical 

equation of longitudinal vibrations (when constant-section 

rod) must come from one of the following equations: 

, (1) 

where: c – velocity of longitudinal vibrations propagating 

in the core, S – area of its cross section  

– Longitudinal movement of arbitrary cross-

section of the rod, x – longitudinal coordinate (along the 

core axis), t – time. 

Equation core twisting oscillations should be 

considered as: 

, (2) 

where: c1 – speed twisting waves propagating in the core, 

I – polar moment of inertia of the rod, 

– angle cross-section of the 

rod relative to its axis (x in any section of the rod). 

Equation transverse (bending) oscillations of the rod 

should be seen in the following form: 

 (3) 

where: EI – bending stiffness of the rod, EI = EI (x), m - 

weight rod, y (x, t) – arbitrary displacement rod section 

(x) in the direction perpendicular to its axis. 

It should be noted that the equations (1)-(3) using 

similar substitutions could lead to ordinary differential 

equations for the function X (x): 

(4) 

bar near where function means differentiation with 

respect to spatial coordinates x, and the other equation for 

the function T (t). 

 

 

Formulation of problem 

 

Basic models of telescopic boom cranes investigated 

in [1-21]. However, the authors of these works use 

models with lumped parameters (ie discrete model) and 

do not include distributed properties of the systems. The 
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authors of this study, it is advisable to use approaches 

developed in [8] for a comprehensive analysis is continual 

(distributed) properties telescopic jib cranes systems. 

 

 

Analysis of recent research results 

 

Issued above equation (1) – (4) are variable factors 

dependent on x. Solution in closed form is available only 

in certain cases where the variable S (x), I (x), J (x) by 

special dependency and, in general, is the transition to 

approximate methods (where J (x) – point inertia in the 

core section x, and E – in the above (3) is elastic modulus 

(Young's) core material). Some of these approximate 

methods are set forth below in connection with the need 

to analyze and improve methods for calculating the 

different types of vibrations that occur in the core variable 

section within review telescopic jib cranes as such 

systems with discrete – continuum properties. 

 

 

Purpose of research 
 

The purpose of the work is the justification of 

approximate methods for the analysis of different kinds of 

vibrations arising in telescopic boom cranes systems that 

take into account their discrete - continuum properties. 

To achieve these objectives in this study will be part 

on the work [8]. 

 

 

Results of research 

 

Below are justified and some methods of 

approximate solutions of bending vibration rods constant 

and variable section that allow variables to investigate 

fluctuations telescopic jib cranes systems. 

1. Vereshchagin method (for permanent core 

section). Composition and solve the differential equation 

of free oscillations console (model telescopic boom 

cranes system that is in operation (the unfolded 

throughout dovzhnynu state). We use the approach of [9]. 

We believe that the ends (free) console is a load, which 

has finite moment of inertia (Fig. 1 a), in addition, neglect 

beam weight compared to the weight of cargo. Fig. 1 

introduced the following notation: l – the length of the 

console, EI – its bending stiffness, m – weight cargo, ƍ – 

its radius of inertia. 

The proposed system has two degrees of freedom of 

movement, and generalized coordinates for convenient 

and appropriate to choose a console deflection and 

rotation angle φ end console (Figure 1b). 

For the purposes of differential equations of motion 

and use the reverse method, consider bending lagless 

skeleton, which is shown in Fig. 1. 

External forces are inertia load – m ∙ ƍ2∙. then:�̈� 

y = ∙ δ11-mƍ2 ∙, φ = - m ∙∙ δ12- mƍ2 ∙∙.− 𝑚 ∙ 𝑦̈ �̈� ∙
𝛿12�̈��̈�𝛿22    (5) 

This point was over a function of mean 

differentiation over time t. 

 

 
Fig. 1. Diagram console by Vereshchagin 

 

Factors influence δ11, δ12, δ21, δ22 available 

methods of strength of materials, for example, using the 

formula Vereshchagin. In this case, they are expressed as 

follows: 

𝛿11 =
𝑙3

3𝐸𝐼
, 𝛿12 = 

𝑙2

2𝐸𝐼
, 𝛿22 =

𝑙

𝐸𝐼
.  (6) 

Thus the differential equations of motion take the 

form: 

  {
𝑚 ∙ �̈� ∙  

𝑙3

3𝐸𝐼
+𝑚ƍ2 ∙ �̈� ∙

𝑙2

2𝐸𝐼
+ 𝑦 = 0;

𝑚 ∙ �̈� ∙  
𝑙2

2𝐸𝐼
+𝑚ƍ2 ∙ �̈� ∙

𝑙

𝐸𝐼
+ 𝜑 = 0;

} (7) 

Partial solution (7) provided (stability criterion) 

Sylvester equilibrium for the considered system (consider 

this criterion is met) can be written as: 

𝑞𝑗 = ∙ sin (kt + α), j = (1, 2).𝐴𝑗  (8) 

These expressions described monoharmonic 

oscillatory mode with frequency k, the total for all 

coordinates (ie y and φ). (Note that when the Sylvester 

criterion system which is derived from the equilibrium, 

provides free oscillations)  𝑞𝑗 . 

Substituting (8) in the differential equation (7), we 

obtain a homogeneous system: 

{
(
𝑚𝑙3

3𝐸𝐼
∙ 𝑘2 − 1) ∙ 𝑚ƍ2 ∙

𝑙2

2𝐸𝐼
∙ 𝑘2 ∙ 𝐴2 = 0;

𝑚𝑙2

2𝐸𝐼
∙ 𝑘2 ∙  𝐴1 + (

𝑚ƍ2∙𝑙

𝐸𝐼
∙  𝑘2 − 1) ∙ 𝐴2 = 0.

}  (9) 

Equating to zero the determinant of the system (9), 

we obtain the following frequency equation: 
𝑚2ƍ2𝑙4

12∙(𝐸𝐼)2
∙  𝑘4 − (

𝑚ƍ2𝑙

𝐸𝐼
+ 

𝑚𝑙3

3𝐸𝐼
)  ∙  𝑘2 + 1 = 0. (10) 

Its roots have the following form: 

𝑘1,2
2 = 

1

2
∙
(
𝑚ƍ2 𝑙

𝐸𝐼
+ 
𝑚𝑙3

3𝐸𝐼
)

[
𝑚2ƍ2𝑙4

12∙(𝐸𝐼)2
]
 ±  {

1

4
∙
(
𝑚ƍ2𝑙

𝐸𝐼
+
𝑚𝑙3

3𝐸𝐼
)
2

[
𝑚2ƍ2𝑙4

12∙(𝐸𝐼)2
]
2 −

 [
𝑚2ƍ2𝑙4

12∙(𝐸𝐼)2
]
−1

}

1

2

.   (11) 

ƍ ˂˂ 1 have from (11): 

𝑘1
2 ≈  

3𝐸𝐼

𝑚𝑙3
 (1 − 

𝑞ƍ2

4𝑙2
 ) ;  𝑘2

2 ≈  
𝑞𝐸𝐼

𝑚𝑙3
∙ (1 + 

𝑢𝑙2

𝑞ƍ2
).  (12) 



USE MODED BAR OF VARIABLE CROSS SECTION IN VIBRATION ANALYSIS OF TELESCOPIC …  143 

To find their own forms of oscillations of the system 

will create relationship (A1 / A2) from the first equation 

of (9): 

𝐴1

𝐴2
= 

(1− 
𝑚𝑙3

3𝐸𝐼
∙ 𝑘2)

(𝑚ƍ2∙ 
𝑙2

2𝐸𝐼
∙ 𝑘2)

 .  (13) 

Substituting here each of the found values and higher 

(by formulas (11) or (12) 𝑘1
2𝑘2

2 have: 

𝑥21= ≈; ≈ - 
𝐴21

𝐴11

3

2𝑙
𝑥22 = 

𝐴22

𝐴12
 
2𝑙

3ƍ2
. (14) 

These value (14) characterizing their two farms 

(Fig. 2, b). 

As shown in Figure 2, the first own farm has a 

relatively low load angle and the second form – relatively 

small deflection end of the console. 

Find the data traffic law system if its equilibrium is 

disturbed is applied to the center of gravity of the cargo 

instant momentum �̃�. 
 

 
Fig. 2. Proper form fluctuations Console 

 

In this case, the initial conditions must be formulated 

as follows: 

y (0) = 0, (0) =, φ (0) = 0 = 0.�̇�
�̃�

𝑚
�̇�.  (15) 

General solution now looks like: 

{
𝑦 =  𝐴11 ∙ 𝑠𝑖𝑛(𝑘1 ∙ 𝑡 +  𝛼1) + 𝐴12 ∙ 𝑠𝑖𝑛(𝑘2𝑡 + 𝛼2)

𝜑 =  𝐴21 ∙ 𝑠𝑖𝑛(𝑘1 𝑡 + 𝛼1) +  𝐴22  ∙  𝑠𝑖𝑛 (𝑘2𝑡 +  𝛼2)
}(16) 

Substituting here from (16) found the ratio of 

amplitudes (14), we find: 

{
 
 

 
 

𝑦 =  𝐴11 ∙ 𝑠𝑖𝑛(𝑘1𝑡 + 𝛼1) +

+𝐴12 ∙ 𝑠𝑖𝑛(𝑘2 𝑡 + 𝛼2),

𝜑 =
3

2𝑙
 ∙  𝐴11 ∙ 𝑠𝑖𝑛(𝑘1𝑡 + 𝛼1) − 

−
2𝑙

3ƍ2
∙  𝐴12  ∙ 𝑠𝑖𝑛(𝑘2 𝑡 + 𝛼2) . }

 
 

 
 

  (17) 

To determine the four unknowns use the above initial 

conditions (15)  𝐴11, 𝐴12, 𝛼1, 𝛼2: 

{
 
 
 
 

 
 
 
 

𝐴11 ∙ 𝑠𝑖𝑛𝛼1 + 𝐴12 ∙

sin
𝛼2 = 0; 

3

2𝑙
 ∙  𝐴11 ∙ 𝑠𝑖𝑛𝛼1 − 

−
2𝑙

3ƍ2
 ∙  𝐴12 ∙ sin 𝛼2 = 0;

𝐴11 ∙  𝑘1 ∙ 𝑐𝑜𝑠𝛼1 + 𝐴12  ∙  𝑘2  ∙ 𝑐𝑜𝑠𝛼2 =

= 
�̃�

𝑚
;  
3

2𝑙
 ∙  𝐴11 ∙  𝑘1 ∙ 𝑐𝑜𝑠𝛼1 −

−
2𝑙

3ƍ2
 ∙  𝐴12  ∙  𝑘2 ∙ 𝑐𝑜𝑠𝛼2 = 0. }

 
 
 
 

 
 
 
 

 (18) 

Hence we find: 

𝐴11 = 
�̃�∙𝑙2

√3𝑚𝑙𝐸𝐼
, 𝐴12 = 

𝑞�̃�∙ ƍ2

8𝑙∙√𝑚𝑙𝐸𝐼
, 𝛼1 = 0; 𝛼2 = 0.  (19) 

Accordingly, the motion is described by the 

equations: 

{
𝑦(𝑡) =  

�̃�∙ 𝑙2

√𝑚𝑙𝐸𝐼
∙  [

1

√3
∙ 𝑠𝑖𝑛𝑘1𝑡 + 

9

8
 ∙  

ƍ3

𝑙3
 ∙ 𝑠𝑖𝑛𝑘2𝑡] ;

𝜑 (𝑡) =  
�̃�∙𝑙

√𝑚𝑙𝐸𝐼
∙  [

√3

2
∙ 𝑠𝑖𝑛 𝑘1𝑡 −  

3

4
 ∙  

ƍ

𝑙
 ∙ 𝑠𝑖𝑛 𝑘2 𝑡] .

} (20) 

2. Ritz method. 

Wonder several functions, (x), ..., (x), each of which 

meets the geometric boundary conditions of the problem 

and form function f (x)𝑓1(𝑥)𝑓2𝑓𝑛 as the sum of: 

f (x) = ... + ∙.𝑐1̅ ∙  𝑓1 + 𝑐2̅ ∙  𝑓2 + 𝑐�̅�𝑓𝑛  (21) 

Substituting the function (21) in Rayleigh formula: 

𝑝2 =
∫ 𝐸𝐼∙(𝑓")2𝑑𝑥
𝑙
0

[∫ 𝑚𝑓2
𝑙
0 𝑑𝑥]

,   (22) 

then the result will depend on the particular choice of 

ratios c1̅, 𝑐2̅, … , с𝑛̅̅̅. 
Ritz method allows the use of a simple idea: 

coefficients c1̅, 𝑐2̅, … , с𝑛̅̅̅. 
Must be chosen so that the calculation formula (22) 

would give the least importance to. Theorem Rayleigh 

follows that such a choice would be the best (if this 

system function) 𝑝2 𝑓𝑖 . 
Minimum conditions have the form 𝑝2: 

∂

сі
 [
∫ EI ∙(f")2
l
0 dx

∫ mf2
l
0 dx

] = 0 (i = 1, 2,… , n),   (23) 

ie: 

[
∂

∂сi̅
∫ EI (f")2
l

0
dx] ∙ [∫ 𝑚𝑓2

𝑙

0
𝑑𝑥] − [

𝜕

𝜕𝑐�̅�
∫ 𝑚𝑓2𝑑𝑥
𝑙

0
] ∙

 [∫ 𝐸𝐼 ∙ (𝑓")2𝑑𝑥
𝑙

0
]. (24) 

Divide equation (24) integral to and including the 

formula (22)∫ 𝑚𝑓2
𝑙

0
𝑑𝑥 have: 

𝜕

𝜕с�̅�
∫ [𝐸𝐼 ∙ (𝑓")2 − 𝑝2 ∙  𝑚𝑓2]
𝑙

0
𝑑𝑥 = 0, 𝑖 = 1, 2, … , 𝑛. (25) 

Equation (25) is relatively homogeneous and linear, 

..., and their number is equal to the number of members of 

the expression (21). Equating to zero the determinant 

composed of coefficients at, ..., will have a frequency 

equation. This equation not only gives a good 

approximation for naymenschoyi frequency, but also 

identifies (but less accurate) value higher frequencies. It 

can be found as much frequency as components made in 

expression (21) с1̅c2̅с1̅c2̅. 

Ritz method as Rayleigh method allows to solve the 

problem in the case of discontinuous functions and EI m, 

when these functions are different analytical expressions 

for different parts of the beam length / console. 

Define by Ritz lowest natural frequency of 

transverse vibrations console variable section, which has a 

thickness equal to the conventional one. 

Height varies linearly (Fig. 3): 

ℎ𝑥= x∙; I =
h

l
ℎ3 ∙  

𝑥3

(12𝑙3)
; 𝑚 =  ƍℎ ∙  

𝑥

𝑙
.  (26) 

For the approach of looking for solution of using: 

f (x) =𝑐1̅ ∙ (1 − 
𝑥

𝑙
)
2

+ 𝑐2̅ ∙ 𝑥 ∙
(1−

𝑥

𝑙
)
2

𝑙
.  (27) 

Each member of this example satisfies the boundary 

conditions of the problem: 

𝑓1 = 0, 𝑓2 = 0, 𝑓1
′ = 0, 𝑓2

′ = 0, 𝑥 = 0. (28) 

If limited to one member, then get Rayleigh method 

(error of about 3%): 
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p = 1, 582h ∙
√
𝐸

ƍ

𝑙2
.    (29) 

 

 
Fig. 3. Diagram console (26) 

 

To get a better approximation, we take two terms of 

the expansion. Substituting them into expression (25), 

then we will have integral values: 

ℎ3 ∙  
[(𝑐1̅̅ ̅−2𝑐2̅̅ ̅)

2+24∙ 𝑐2̅̅ ̅∙
(𝑐1̅̅̅̅ −2𝑐2̅̅̅̅ )

5
+6∙ 𝑐2̅

2]

(12𝑙3)
− 𝑝2 ∙  ƍℎ𝑙 ∙ ≠ + 

0.  
(
𝑐1
2̅̅̅̅

  30
+ 
2𝑐1̅̅̅̅ 𝑐2̅̅̅̅

105
+ 
𝐶2
2

280

̅̅ ̅̅ ̅
)

𝐸
   (30) 

Differentiating the expression (30) on the first then 

on, we will have: с̅1, 𝑐2̅ 

{
[
Eh2

(12ƍl4)
−

p2

30
] ∙ c1̅ + [

Eh2

(20ƍl4)
−

p2

105
] ∙  c2̅ = 0,

[
Eh2

(12ƍl4)
−

p2

105
] ∙ c1̅ + [

Eh2

(20ƍl4)
−

p2

280
] ∙  c2̅ = 0.

}(31) 

Equating to zero the determinant composed of 

coefficients of these equations (31), we obtain the 

equation frequency. Its roots: 

𝑝1= 1,536h ∙;
√
𝐸

ƍ

𝑙2
𝑝2 = 4, 994ℎ ∙  

√
𝐸

ƍ

𝑙2
.  (32) 

Find the exact value differs by only 0,1% 𝑝1. 

3. Bubnov - Galerkin. 

In the simplest version of the method according to 

equation (3) should be in place X (x) approximately 

expose selected expression f (x), which has one uncertain 

parameter and then form the equation: 

∫ [(𝐸 ∙ 𝐼 ∙ 𝑓) − 𝑚𝑝2 ∙ 𝑓]
𝑙

0
𝑓𝑑𝑥 = 0.    (33) 

This equation expresses the vanishing of a possible 

work being done by force of elasticity and inertia of 

moving f (x). 

If we take f (x) as (21) and examine each of the 

components (x), as a possible move then instead of (33) 

will have a ratio that expresses the vanishing of the 

possible:𝑓𝑖 

∫ [(𝐸𝐼 ∙ 𝑓")" −  𝑚𝑝2 ∙ 𝑓 ]
𝑙

0
∙  𝑓𝑖  ∙ 𝑑𝑥 = 0, 𝑖 = 1, 2… ..(34) 

Such equations can be written as many constituents 

have adopted the expression (21). Each of equations (34) 

and has a uniform uncertain size, ... in the first degree 

с1̅c2̅. 

Equating to zero the determinant of the system (34), 

will have a frequency equation. 

Bubnov-Galerkin has one feature, which refers to the 

boundary conditions. If the function (x) satisfy only 

geometric boundary conditions (as stated above, the 

following functions can be used in solving the problem 

Ritz method), then it can lead to significant errors in 

applying the Bubnov-Galerkin. If the selection of features 

not consider power boundary conditions (for example, to 

ignore the conditions and at the free end beams / console 

or on the rocker bearing condition), then it will implicitly 

acknowledged the existence of the ends of the beam 

boundary conditions, which in reality is not. This occurs 

𝑓𝑖𝑓𝑖 (𝑥)𝑓𝑖
′′ = 0𝑓𝑖

′′′ = 0 𝑓𝑖
′′ = 0. 

Error because the expression (34) will come 

nonexistent work effort. To compensate for the errors 

should subtract the left side of the expression (34) "extra" 

work of boundary conditions (collectively Bubnov-

Galerkin). Usually do another take over functions 

previously not only geometric, but also force boundary 

conditions. With this feature by selecting Ritz and 

Galerkin give the same results. 

Define Bubnov-Galerkin lowest incidence of 

transverse vibrations console discussed above in the 

preceding paragraph. 

Accepted forms as fluctuations Console expression: 

f (x) =𝑐1̅ ∙ (1 −
𝑥

𝑙
)
2

+ 𝑐2̅ ∙ 𝑥 ∙
(1−

𝑥

𝑙
)

𝑙
,  (35) 

Satisfies a geometric conditions at the right end, and 

so force conditions on the left. 

Differentiating f (x) twice, multiply by EI = E ∙ 

differentiating twice and again, we will have ℎ3
𝑥3

(12𝑙3)
: 

(𝐸𝐼 ∙ 𝑓′′)′′ = E ∙.ℎ3
[(𝑐1̅̅ ̅−2𝑐2̅̅ ̅)∙ 𝑥+6𝑐2̅̅ ̅∙ 

𝑥2

𝑙
]

𝑙5
  (36) 

Substituting this formula in (34), we find: 

∫ {
𝐸ℎ3

𝑙5
∙ [(𝑐1̅ − 2𝑐2̅) ∙ 𝑥 + 

6 𝑐2̅∙𝑥
2

𝑙
 ] − 

ƍℎ𝑝2

𝑙
 ∙ [ 𝑐1̅ ∙ 𝑥 ∙

𝑙

0

(1 − (
𝑥

𝑙
)
2
) + 𝑐2̅ ∙  

𝑥

𝑙
∙ (1 −

𝑥

𝑙
)2]} ∙ (1 −

𝑥

𝑙
)
2
𝑑𝑥 == 0,     (37) 

∫ {
𝐸ℎ3

𝑙5
 [(𝑐1̅ − 2𝑐2̅) ∙ 𝑥 + 

6𝑐2̅̅ ̅ 𝑥
2

𝑙
] −  

ƍℎ𝑝2

𝑙
∙  [𝑐1̅ ∙ 𝑥 ∙ (1 −

𝑥

𝑙
)
2
+

𝑙

0

 +𝑐2̅ ∙  
𝑥

𝑙
 ∙ (1 −

𝑥

𝑙
)2] } ∙  

𝑥

𝑙
(1 − 

𝑥

𝑙
)2𝑑𝑥 = 0.                (38) 

Hence, too, will have the same equations as in the 

previous example using Ritz method. 

Similarly consist equation method Bubnov-Galerkin 

in problems of torque fluctuations or longitudinal 

telescopic jib cranes systems. 

 

 

Conclusions 

 

1. A model of the core variable section to analyze 

different types: 

- fluctuations (longitudinal bending, twisting) 

telescopic jib cranes of analytical methods (Rayleigh 

Vereshchagin, Ritz, Bubnov - Galerkin) that can 

determine the natural frequencies of said oscillation, 

- and their spatial form (vibrations) that implement 

such own free fluctuation system. 

2. Obtained in the results can be used to further 

refine and improve existing engineering calculation 

methods: 

- different types of vibrations telescopic jib cranes 

analytical methods both at the stage of their design / 

construction, 

- and in the mode of real operation using discrete-

continuum model core variable section. 
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ВИКОРИСТАННЯ МОДЕЛІ СТЕРЖНЯ ЗМІННОГО 

ПЕРЕРІЗУ В АНАЛІЗІ КОЛИВАНЬ 

ТЕЛЕСКОПІЧНИХ СТРІЛОВИХ СИСТЕМ 

АВТОКРАНІВ 

І. М. Сівак, Ю. В. Човнюк 

Анотація. Обґрунтовано дискретно-

континуальна модель стержня змінного перерізу для 

аналізу коливань телескопічних стрілових систем 

автокранів. 

В якості методів розв'язання основних рівнянь 

(для згинальних типу коливань) використані методи 

Рітца і Буднова-Гальоркіна з застосуванням формули 

Релея для обчислення власної частоти коливань 

розглянутої системи з використанням моделі з 

зосередженими параметрами (тобто дискретні моделі) 

з урахуванням розподілених властивостей 

досліджуваних систем.  

Використані підходи, для всебічного аналізу 

континуальных (розподілених) властивостей 

телескопічних стрілових систем автокранів і 

здійснено аналіз різновидів коливань (поздовжніх, 

крутильних і згинальних) телескопічних стрілових 

систем автокранів з урахуванням обставини розподілу 

маси вздовж стріли (стрижня) з перемінним 

перетином стрижня по його довжині. 

Викладені наближені способи аналізу і 

вдосконалення методів розрахунку різних видів 

коливань, які виникають у стрижнях змінного 

перерізу, в рамках розгляду телескопічних стрілових 

систем автокранів як мають дискретно-континуальні 

властивості.  

Складені рівняння за методом Бубнова-

Гальоркіна в задачі про поздовжні або крутильні 

коливання телескопічних стрілових систем 

автокранів. 

Ключові слова: модель, стрижень, змінне 

перетин, аналіз, коливання, телескопічна стрілова 

система, автокрани. 

 

ИСПОЛЬЗОВАНИЕ МОДЕЛИ СТЕРЖНЯ 

ПЕРЕМЕННОГО СЕЧЕНИЯ В АНАЛИЗЕ 

КОЛЕБАНИЙ ТЕЛЕСКОПИЧЕСКИХ СТРЕЛОВЫХ 

СИСТЕМ АВТОКРАНОВ 

И. Н. Сивак, Ю. В. Човнюк 

Аннотация. Обоснована дискретно-

континуальная модель стержня переменного сечения 

для анализа колебаний телескопических стреловых 

систем автокранов. 

В качестве методов решения основных 

уравнений (для изгибных типа колебаний) 

использованы методы Ритца и Буднова-Галеркина с 

применением формулы Рэлея для вычисления 

собственной частоты колебаний рассматриваемой 

системы с использованием модели с 

сосредоточенными параметрами (тоесть дискретные 

модели) и учетом распределенных свойств 

исследуемых систем.  

Использованы подходы, для всестороннего 

анализа континуальных (распределенных) свойств 

телескопических стреловых систем автокранов и 

осуществлен анализ разновидностей колебаний 

(продольных, крутильных и изгибных) 

телескопических стреловых систем автокранов с 

учетом обстоятельства распределения массы вдоль 

стрелы (стержня) с переменным сечением стержня по 

его длине. 

Изложенные приближенные способы анализа и 

совершенствования методов расчета различных видов 

колебаний, которые возникают в стержнях 

переменного сечения, в рамках рассмотрения 

телескопических стреловых систем автокранов как 

имеющих дискретно-континуальные свойства.  

Составленные уравнения по методу Бубнова-

Галеркина в задачах о продольные или крутящие 

колебания телескопических стреловых систем 

автокранов. 

Ключевые слова: модель, стержень, переменное 

сечение, анализ, колебания, телескопическая 

стреловая система, автокраны. 
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