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Abstract. The discrete-continual model of the rod of
variable section for the analysis of oscillations of
telescopic rotor systems of cranes is substantiated.

As methods for solving the basic equations (for
bending type oscillations), the methods of Ritz and
Budnov-Galerkin using the Relay formula are used to
calculate the proper frequency of oscillations of the
considered system using a model with lumped parameters
(discrete models) and taking into account the distributed
properties of the systems being studied.

The approaches used for the thorough analysis of the
continual (distributed) properties of telescopic boom
systems of mobile cranes and the analysis of variations of
oscillations (longitudinal, twisting and bent) of telescopic
boom systems of autocranes taking into account the
circumstances of mass distribution along the arrow (rod)
with a variable section of the rod along its length.

Approximate methods of analysis and improvement
of methods for calculating various types of oscillations
that arise in the rods of a variable section are presented,
within the framework of consideration of telescopic boom
systems of cranes as having discrete - continual
properties.

Equations are constructed using the Bubnov-
Galerkin method in the problems of longitudinal or steep
oscillations of telescopic rotor systems of cranes.

Key words: model, rod, variable section, analysis,
oscillations, telescopic boom system, truck cranes.

Introduction

To analyze the kinds of oscillations (longitudinal,
twisting and bending) telescopic boom cranes systems
should take into account the fact that the weight is
distributed along the arrows (core) and core section is
variable along its length.

In this case, instead of, for example, the classical
equation of longitudinal vibrations (when constant-section
rod) must come from one of the following equations:
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where: ¢ — velocity of longitudinal vibrations propagating
in the core, S — area of its cross section §=S(x)

u=u(x,t) — Longitudinal movement of arbitrary cross-
section of the rod, x — longitudinal coordinate (along the
core axis), t — time.

Equation core twisting oscillations should be
considered as:
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where: ¢1 — speed twisting waves propagating in the core,
I — polar moment of inertia of the rod,
I=1(x),@=0q@(x,t) — angle cross-section of the
rod relative to its axis (x in any section of the rod).

Equation transverse (bending) oscillations of the rod
should be seen in the following form:
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where: EI — bending stiffness of the rod, EI = EI (x), m -
weight rod, y (X, t) — arbitrary displacement rod section
(x) in the direction perpendicular to its axis.

It should be noted that the equations (1)-(3) using
similar substitutions could lead to ordinary differential
equations for the function X (x):
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(4)
bar near where function means differentiation with
respect to spatial coordinates x, and the other equation for
the function T (t).

Formulation of problem

Basic models of telescopic boom cranes investigated
in [1-21]. However, the authors of these works use
models with lumped parameters (ie discrete model) and
do not include distributed properties of the systems. The
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authors of this study, it is advisable to use approaches
developed in [8] for a comprehensive analysis is continual
(distributed) properties telescopic jib cranes systems.

Analysis of recent research results

Issued above equation (1) — (4) are variable factors
dependent on x. Solution in closed form is available only
in certain cases where the variable S (x), I (x), J (X) by
special dependency and, in general, is the transition to
approximate methods (where J (x) — point inertia in the
core section x, and E — in the above (3) is elastic modulus
(Young's) core material). Some of these approximate
methods are set forth below in connection with the need
to analyze and improve methods for calculating the
different types of vibrations that occur in the core variable
section within review telescopic jib cranes as such
systems with discrete — continuum properties.

Purpose of research

The purpose of the work is the justification of
approximate methods for the analysis of different kinds of
vibrations arising in telescopic boom cranes systems that
take into account their discrete - continuum properties.

To achieve these objectives in this study will be part
on the work [8].

Results of research

Below are justified and some methods of
approximate solutions of bending vibration rods constant
and variable section that allow variables to investigate
fluctuations telescopic jib cranes systems.

1. Vereshchagin method (for permanent core
section). Composition and solve the differential equation
of free oscillations console (model telescopic boom
cranes system that is in operation (the unfolded
throughout dovzhnynu state). We use the approach of [9].
We believe that the ends (free) console is a load, which
has finite moment of inertia (Fig. 1 a), in addition, neglect
beam weight compared to the weight of cargo. Fig. 1
introduced the following notation: | — the length of the
console, El — its bending stiffness, m — weight cargo, ¢ —
its radius of inertia.

The proposed system has two degrees of freedom of
movement, and generalized coordinates for convenient
and appropriate to choose a console deflection and
rotation angle ¢ end console (Figure 1b).

For the purposes of differential equations of motion
and use the reverse method, consider bending lagless
skeleton, which is shown in Fig. 1.

External forces are inertia load — m - ¢2-. then: ¢

y=-011-mg2 - ¢ =-m-012-mg2 . —1mi -y -
812V, ©)

This point was over a function of mean
differentiation over time t.
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Fig. 1. Diagram console by Vereshchagin

Factors influence o611, 612, 621, 622 available
methods of strength of materials, for example, using the
formula Vereshchagin. In this case, they are expressed as

follows:
611 = E_: 012 :_ 5'522_: T _ (6)
Thus the differential equations of motion take the
form:
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Partial solution (7) provided (stability criterion)
Sylvester equilibrium for the considered system (consider
this criterion is met) can be written as:
q]-=~sin (kt+a),j=(], Z)AJ (8)
These  expressions  described  monoharmonic
oscillatory mode with frequency Kk, the total for all
coordinates (ie y and @). (Note that when the Sylvester
criterion system which is derived from the equilibrium,
provides free oscillations) q;.
Substituting (8) in the differential equation (7), we
obtain a homogeneous system:

me 2 o2 24— .
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el A1+(T K 1) A, =0.
Equating to zero the determinant of the system (9),

we obtain the following frequency equation:
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Its roots have the following form:
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To find their own forms of oscillations of the system
will create relationship (Al / A2) from the first equation
of (9):

™ (1—m—l3' k%)

2= — 3B - 13
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Substituting here each of the found values and higher
(by formulas (11) or (12) k?k3 have:

Ay 21
X1 == ==X = Py

119 202" (14)
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These value (14) characterizing their two farms
(Fig. 2, b).

As shown in Figure 2, the first own farm has a
relatively low load angle and the second form — relatively
small deflection end of the console.

Find the data traffic law system if its equilibrium is
disturbed is applied to the center of gravity of the cargo
instant momentum 3.

Fig. 2. Proper form fluctuations Console

In this case, the initial conditions must be formulated
as follows:

Y(O0)=0,(0)=¢(0)=0=03¢.
General solution now looks like:
{y = Ay -sin(ky -t + a;) + Apy - sin(kyt + aZ)}(lG)
@ = Ay -sin(kyt+ ap) + A,y - sin(k,t + ay)
Substituting here from (16) found the ratio of
amplitudes (14), we find:
( v= Ay sin(lit+ a;) +
+A4,,  sin(k, t + ay),
= % © Aqq s sin(kit + a) —
21

ve A, rsin(k,t+ ay).

To determine the four unknowns use the above initial
conditions (15) Ay, A5, @4, a5:
Aqq - sinay + Aqy -

(15)

o (17)
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sin 5 .
37 Ajp ssina, = 0;
All : kl 'COSCZl + A12 " kz 'COSO.’Z =
5.3
m’ 21
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« Ay, v kyrcosa, =0.

. (18)
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Hence we find:

512 qs- 92

A11 ZW’AU = m,al =0; a, = 0. (19)
Accordingly, the motion is described by the
equations:
512 1, 9 3 .
y(t) = \/jnﬁ [\/—E-smklt + g 7—3 -sznkzt];
S V3. 3 9 . (20)
o) = N [7-smk1t— i -sznkzt].

2. Ritz method.

Wonder several functions, (x), ..., (X), each of which
meets the geometric boundary conditions of the problem
and form function f (x) f; (x) f> f,, as the sum of:

S =+t fit & fotCfa (21)

Substituting the function (21) in Rayleigh formula:

2 _ B s 22)
[fomfzdx]
then the result will depend on the particular choice of
ratios ¢, ¢, ..., Cy,.

Ritz method allows the use of a simple idea:
coefficients ¢, ¢3, ..., C,.

Must be chosen so that the calculation formula (22)
would give the least importance to. Theorem Rayleigh
follows that such a choice would be the best (if this
system function) p? f;.

Minimum conditions have the form p2:

Lo o
2 [M] =0G=12.,0, (29

G f; mf2dx

[a%fol EI (f")?2 dx] - [folmf2 dx] - [a%folmfzdx] .

|13 EL- (F)2dx| (24)

Divide equation (24) integral to and including the
formula (22)  mf? dx have:

aic_lf;[EI C(f2 = p?- mfPdx =0,i=1,2,...,n.(25)

Equation (25) is relatively homogeneous and linear,
..., and their number is equal to the number of members of
the expression (21). Equating to zero the determinant
composed of coefficients at, ..., will have a frequency
equation. This equation not only gives a good
approximation for naymenschoyi frequency, but also
identifies (but less accurate) value higher frequencies. It
can be found as much frequency as components made in
expression (21) ¢;6,¢; 6.

Ritz method as Rayleigh method allows to solve the
problem in the case of discontinuous functions and EI m,
when these functions are different analytical expressions
for different parts of the beam length / console.

Define by Ritz lowest natural frequency of
transverse vibrations console variable section, which has a
thickness equal to the conventional one.

Height varies linearly (Fig. 3):

3
hy=x;1=2h3 Zim=gh %,

For the approach of looking for solution of using:

X

2 _x)?
f0=5-(1-1%) +c—2-x-@. 7)
Each member of this example satisfies the boundary
conditions of the problem:
fi=0f,=0,f=0f,=0,x=0.(28)
If limited to one member, then get Rayleigh method
(error of about 3%):

X

(26)
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Fig. 3. Diagram console (26)

To get a better approximation, we take two terms of
the expansion. Substituting them into expression (25),
then we will have integral values:

(G_ZG)Z"'Z‘L' G'@*‘ﬁ' C_%
pe L TORE Iy ghtz+
2 oeie; . C3
0 (Tlo ;3(1);2_'_?20) (30)
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Differentiating the expression (30) on the first then
on, we will have: ¢, ¢,
LSS < INP R 0. ol I
[(12914) 30] ¢+ (2091%) 105] ¢ =0,
Eh* _p*] -, [Eh® _P*] o _
[(12914) 105] 1 (2091%) 280] ¢ =0.
Equating to zero the determinant composed of
coefficients of these equations (31), we obtain the
equation frequency. Its roots:

(31)

[ £
p1=1,536h 75 pp = 4,994h - -
Find the exact value differs by only 0,1% p;.

3. Bubnov - Galerkin.

In the simplest version of the method according to
equation (3) should be in place X (x) approximately
expose selected expression f (x), which has one uncertain
parameter and then form the equation:

ICE -1 - f) —mp? - f] fdx = 0. (33)

This equation expresses the vanishing of a possible
work being done by force of elasticity and inertia of
moving f (X).

If we take f (x) as (21) and examine each of the
components (x), as a possible move then instead of (33)
will have a ratio that expresses the vanishing of the
possible:f;

LIEL- " = mp®-f1- fi ~dx=0,i=1,2...(34)
Such equations can be written as many constituents
have adopted the expression (21). Each of equations (34)
and has a uniform uncertain size, ... in the first degree
C1Ca.

Equating to zero the determinant of the system (34),
will have a frequency equation.

Bubnov-Galerkin has one feature, which refers to the
boundary conditions. If the function (x) satisfy only
geometric boundary conditions (as stated above, the
following functions can be used in solving the problem
Ritz method), then it can lead to significant errors in

(32)

applying the Bubnov-Galerkin. If the selection of features
not consider power boundary conditions (for example, to
ignore the conditions and at the free end beams / console
or on the rocker bearing condition), then it will implicitly
acknowledged the existence of the ends of the beam
boundary conditions, which in reality is not. This occurs
f‘lf‘L (x)f‘l!l — Of‘il!l — Of‘il! — O

Error because the expression (34) will come
nonexistent work effort. To compensate for the errors
should subtract the left side of the expression (34) "extra"
work of boundary conditions (collectively Bubnov-
Galerkin). Usually do another take over functions
previously not only geometric, but also force boundary
conditions. With this feature by selecting Ritz and
Galerkin give the same results.

Define Bubnov-Galerkin lowest incidence of
transverse vibrations console discussed above in the
preceding paragraph.

Accepted forms as fluctuations Console expression:

2 _x
f(x):c-l-(1—§) +c—2-x-Q, (35)

Satisfies a geometric conditions at the right end, and
so force conditions on the left.

Differentiating f (x) twice, multiply by EI = E -

3

differentiating twice and again, we will have h3

(1213)°
. 5 [(ci—zc*z)-x%@?]

(EL-f")' =E-B° ——F——

Substituting this formula in (34), we find:

1(ER3 _ _ 6 Cyx? hp? _
fo{l_s'[(c1—zcz)'x+ +]_ gl '[C1'x'

X 2 — X X X 2

(1— 7))+ CZ.T.(l_T)Z]}.(l_T) dx==0, (37)

3 —— .2 2 2
fol{ﬂ [(C_1—2C_z)-x+ 6Czlx]_ ghp? | [c_l-x'(l—%) +

5 2-a-l)- fa-Hax=o. (38)

Hence, too, will have the same equations as in the
previous example using Ritz method.

Similarly consist equation method Bubnov-Galerkin

in problems of torque fluctuations or longitudinal
telescopic jib cranes systems.

(36)

l

Conclusions

1. A model of the core variable section to analyze
different types:

- fluctuations (longitudinal bending, twisting)
telescopic jib cranes of analytical methods (Rayleigh
Vereshchagin, Ritz, Bubnov - Galerkin) that can
determine the natural frequencies of said oscillation,

- and their spatial form (vibrations) that implement
such own free fluctuation system.

2. Obtained in the results can be used to further
refine and improve existing engineering calculation
methods:

- different types of vibrations telescopic jib cranes
analytical methods both at the stage of their design /
construction,

- and in the mode of real operation using discrete-
continuum model core variable section.
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BUKOPUCTAHHS MOJEJII CTEPXXHS 3MIHHOI'O
ITEPEPI3Y B AHAJII31 KOJIMUBAHb
TEJIECKOIIIYHUX CTPUUIOBUX CUCTEM
ABTOKPAHIB
1. M. Cisax, IO. B. Yosniok

AHoTAaNif. OOrpyHTOBaHO JUCKPETHO-
KOHTHHYaJIbHA MOJIENIb CTEPKHS 3MIHHOTO Tepepidy Ui
aHali3y KOJIMBaHb TEJIECKOIIYHUX CTPUIOBUX CHCTEM
aBTOKpAHIiB.

B sxocti MeTonmiB po3B'S3aHHS OCHOBHHMX PiBHSHB
(m1s 3TMHANBPHUX THITY KOJHMBAaHB) BHKOPHCTaHI METOIU
Pirma i BynnoBa-T"anbopkina 3 3acTocyBaHHIM (GopMyIH
Penest s OOYMCHEHHS BJIACHOI YacTOTH KOJHMBaHb
PO3MIITHYTOT CHCTEMH 3 BUKOPHCTaHHSIM MOJeNi 3
30CepePKCHIMHE NapamMeTpamMu (ToOTO TUCKPETHI MOAei)
3 ypaxyBaHHSIM PO3IOIiIeHNX BJIACTHBOCTEH
JOCITIKYBaHAX CHCTEM.

Buxopucrani migxoau, s BCEOIYHOTO aHANI3y
KOHTHHYaJbHbIX (po3moineHnx) BIIACTUBOCTEH

TEJECKOMYHUX  CTPUIOBUX  CHCTEM  aBTOKpaHiB i
3MIHCHEHO aHaNi3 pPI3HOBUIIB KOJWBaHb (ITO3OBXKHIX,
KPYTIJIBHUX 1 3TWHANBHUX) TEJNECKOMYHUX CTPLIOBHX
CHCTEM aBTOKPAHiB 3 YpaxyBaHHSIM O0OCTaBUHH PO3IIOALTY

Macu B3IOBXK CTpumH (CTPIKHS) 3 TEpeMiHHEM
MEPETHHOM CTPHIKHSI [0 HOTO JTOBKHUHI.
Buknageni  HaOmwkeHi  cmocobu  aHamizy i

BIOCKOHAJICHHSI METOJIB PO3pPaxyHKY pI3HHX BHIIB
KOJIMBaHb, SIKI BHHHUKAIOTh Y CTPWXKHSAX 3MIHHOTO
nepepizy, B paMKax pO3INISAY TEJIECKOMIYHHUX CTPITIOBHX
CHCTEM aBTOKpAHIB SIK MalOTh JUCKPETHO-KOHTHHYAaJbHI
BJIACTHBOCTI.

CkmameHi piBHAHHI 3a MeTogoM  byOHOBa-
lanpopkina B 3amauyi mpo MO3MOBXKHI ab0 KPYTHIBHI
KOJIMBAHHS TENECKOMIYHIX CTPLIOBHX CHCTEM
aBTOKpAaHiB.

KuaiouoBi cjgoBa: Monenb, CTPWXKEHb, 3MiHHE
NEePeTHH, aHali3, KOJWBAHHSI, TEJECKONYHA CTpiioBa
cHcTeMa, aBTOKPaHHU.

HCIIOJIB3OBAHUE MOJIEJIM CTEPKHA
INEPEMEHHOI'O CEYEHN B AHAJIM3E
KOJIEBAHUWI TEJIECKOITMYECKMX CTPEJIOBBIX
CUCTEM ABTOKPAHOB
U. H. Cusak, IO. B. Yosniox

AHHOTaLUA. O6ocHOBaHa JUCKPETHO-
KOHTHHYaJbHas MOZEIb CTEPXKHSA IEPEMEHHOIO CEYEHHUS
JUI aHalmM3a KoJeOaHMil TEeNECKONMMYECKUX CTPEJIOBBIX
CHCTEM aBTOKPAHOB.

B  kadecTBe  METOJOB  pELICHHS  OCHOBHBIX
ypaBHeHMH (U1  M3rMOHBIX  THUHa  KojeOaHuil)
HCIO0Jb30BaHbl MeToAbl Putna u byanoa-I'anepkuna c
npuMeHeHneM  QGopmynsl  Pames s BRIYHMCICHHSA
COOCTBEHHOW dYacTOTHI KoJe0aHMH paccMaTpuBaeMon
CHUCTEMBI c HCTIOIb30BaHUEM MOJIeNnn c
COCPEIOTOUYCHHBIMHU TapaMeTpaMH (TOECTh IUCKPETHBIC
MOJEIM) M Y4eTOM  paclpeleNieHHBIX  CBOMCTB
HCCIIEAYEMBIX CHCTEM.

Hcnonp3oBaHel MOAXOABI, AN  BCECTOPOHHETO
aHaJIM3a KOHTHHYAIbHBIX (paclpelesieHHbIX) CBOWCTB
TENEeCKONMMYECKHX CTPEIOBBIX CHUCTEM aBTOKPAaHOB H
OCYLIECTBJIEH aHalIW3 Ppa3sHOBUIHOCTEH  KoJieOaHHUH
(TIpOIONTBHBIX, KPYTHJIBHBIX u U3rHOHBIX)
TENEeCKONMMYECKHX CTPEJIOBBIX CHCTEM aBTOKPAaHOB C
y4eToM OOCTOSTENBCTBA pacIpesieNeHus] MacChl BJOJb
CTpenbl (CTEP)KHS) C IEPEMEHHBIM CEYEHHEM CTEPIKHSI O
€ro JJIMHE.

W3znoxxeHHple NMPHUOIIMKEHHBIE CIIOCOOB! aHamW3a U
COBEpPILIEHCTBOBAHMSI METOJI0OB PacyeTa pa3IMuHbIX BUAOB
KoneOaHWH, KOTOpble  BO3HHMKAIOT B  CTEPXKHIX
HNEPEMEHHOT0  CEYeHHUs, B paMKaXx pacCMOTpPEHHs
TENEeCKONMMYECKHX CTPEJIOBBIX CHUCTEM aBTOKPAaHOB Kak
HMMEIOIINX AUCKPETHO-KOHTHHYAJIFHBIE CBOICTRA.

CocTtaBieHHBIE ypaBHEHHsS IO MeTony byOHOBa-
lanepkrHa B 3ama9ax O TPOIONBHBIE WIH KPYTSAIIHE
KoIe0aHNs  TEJECKONMMYECKUX  CTPEJIOBBIX  CHCTEM
ABTOKPAHOB.

KiroueBble c10Ba: MOIETb, CTEPKEHb, IEPEMEHHOE
CeUeHHe,  aHaluW3,  KoyeOaHWs,  TeJIECKOIMYecKas
CTpENoBasi CUCTEMA, aBTOKPAHBL.
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