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Abstract. Medical and biological sciences, including morphology, now require the 
introduction of the latest information technologies and mathematical methods to process 
the obtained and accumulated research results. To study the growth dynamics of body 
weight in domestic birds, classical growth models, Gompertz, were used for the purpose of 
quantitative description of the growth processes in biological objects, in particular for the 
growth and development of birds – Von Bertalanffy, Richards, and hyperbolastic models.

The research material was tubular bones of the thoracic (humerus, ulna, and radius) 
and pelvic (femur, tibia, and tarsometatarsus) limbs in birds of meat production (broiler 
chickens and laying hens from the parent broiler flock of Cobb 500 strain) of different 
age groups during the postnatal period of ontogenesis.
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An appropriate regression analysis of experimental data based on known growth 
models was performed to solve the goal of obtaining growth curves and identifying 
special points (extremes, inflections, etc.), to build a picture of the overall development 
of the body as a whole and individual bones of the extremities. The most biologically 
suitable growth models for describing the growth dynamics of the body as a whole and 
individual studied bones were determined.

The absence of a unified growth model of linear parameters of different tubular 
bones in meat-type chickens during the postnatal period of ontogenesis was established. 
This implies the need for a clear selection of growth models taking into account age, 
species, breed, keeping and feeding conditions of domestic birds.

The growth model that best describes the body weight dynamics of broiler chickens 
is the hyperbolastic growth model of the H3 type, and in laying hens from the parent 
broiler flock – the Brody growth model.

Keywords: growth models, tubular bones, body weight, meat-type chickens

Introduction

The size and shape of living organisms 
are crucial for their survival and reproduc-
tion. Morphological adaptations of animals 
in terms of motor activity or feeding are 
classic examples in evolutionary biology 
(Cooney et al., 2016; Pigot et al., 2020). 
Instead, the dynamics of morphological 
transformations are mainly the result of 
the development during ontogenesis. Tu-
bular bones, like most living tissues, are 
able to adapt their internal microstructure 
throughout life, and subsequently the asso-
ciated mechanical properties to its specific 
mechanical and physiological environment 
in a process known as bone reconstruction 
(García-Aznar et al., 2005). Thus, morpho-
logical characteristics of tissues, in particu-
lar, tubular bones, affect the ability of ani-
mals to perform environmentally important 
tasks that are essential for their growth, 
survival, and suitability. At the same time, 
the thoracic and pelvic limbs of birds are 
specialized to perform various functions. 
Tubular bone growth and their relation-
ship during ontogenesis are crucial to our 
understanding of morphological changes 
among species (Yan & Zhang, 2020).

Therefore, medical and biological sci-
ences, including morphology, currently 
require the introduction of state-of-the-art 
information technology and mathematical 
methods to process the obtained and accu-
mulated research results. Among the vari-
ous methods in the assessment of morpho-
logical adaptations during ontogenesis is 
the methodology of selection of mathemat-
ical models and the formation of qualita-
tive and quantitative patterns that describe 
the main features of the phenomenon under 
study. This is the stage where it is neces-
sary to collect data on the structure and na-
ture of this system’s functioning, its prop-
erties, and manifestations. This stage ends 
with the creation of a qualitative model of 
the object (Tabatabai et al., 2007; Ahmadi 
& Golian, 2008; Dovhan et al., 2009).

Analysis of recent researches  
and publications

There are different types of housing 
conditions in poultry. Therefore, it is nec-
essary to use methods with optimal reli-
ability to assess and predict bird health. 
One such accurate method is nonlinear 
mathematical models to determine the 
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dynamics of growth processes, both in-
dividual organs and the body as a whole 
(Porter et al., 2010; Ramos et al., 2013).

At the same time, the relevance of 
individual selection of these models for 
different species of domestic animals is 
noted (Griebeler et al., 2013).

In particular, the linear dimensions 
of the tubular bones in broilers are more 
variable than body weight and bone 
structure. This is proved by the study of 
forced movement during the day, which 
affects the change in the length and 
width of the bones. At the same time, 
body weight and mineral density are 
maintained (Pinhasi et al., 2009).

Thus, the relative wing length and load 
on it affect the bird’s ability to fly, and body 
weight is a contradictory sign of the abil-
ity to fly both within and among species 
(Foutz et al., 2007; Jones et al., 2019).

At the same time, comparing the 
length growth of the tubular bones of 
the wing and pelvic limb in birds, it was 
found that pelvic limb bones grow faster 
than the wings with a predominance of 
craniocaudal growth gradient. The study 
of the proportional bone growth by their 
length is more important in determining 
the degree of maturity than just the body 
mass index (Kaplan et al., 2016).

Classical Gompertz growth models 
(Cetin et al., 2007; Tjørve et al., 2017) 
were used to study the growth dynam-
ics of bird body weight, in particular for 
bird growth and development (Tjørve et 
al., 2009), Bertalanfi (Tjørve et al., 2010; 
Zheng et al., 2020), Richards (E. Tjørve et 
al., 2010; Arando et al., 2021). However, 
hyperbolastic growth models designed to 
quantify the growth processes of biologi-
cal objects are now widely used (Tabata-
bai et al., 2007). 

At the same time, the criteria of 
compliance and flexibility of growth 
models were evaluated by comparing 

the root mean square error, the adjusted 
coefficient of determination, and the cri-
teria of flexibility. All criteria were then 
reviewed in a pooled index to determine 
the most effective model for describing 
and predicting patterns of turkey body 
weight gain. The most suitable model 
for male growth was the logistic model, 
and for females – the Richards model 
(Arando et al., 2021).

Today, one of the problems in grow-
ing meat-type chickens is lameness, a 
phenotypic manifestation of different 
housing conditions. Meat-type chickens 
gain weight quickly and therefore de-
velop limb disorders that lead to a high 
mortality rate in heavy birds. It should 
be noted that many abnormalities in 
bone development can be initiated at an 
early age, lameness appears only later 
due to conformational, environmental, 
or infectious problems. Some scientists 
have estimated the prediction of the de-
velopment of this disease using mathe-
matical models (Huff et al., 2006; Mo-
raes et al., 2007).

The obtained growth rates should be 
adapted to the selective environmental 
factors of each bird species. However, 
the main forces of the growth and de-
velopment are still unclear, especially 
when studying several features simulta-
neously. Therefore, the study of growth 
patterns can be best performed in poul-
try due to a sufficient number of indica-
tors for calculation (Remeš et al., 2020).

Determining the parameters of the 
growth rate is important not only for the 
biological characteristics and productive 
qualities of different bird species but also 
to prevent possible violations of the integ-
rity of the organism that occur at different 
stages of the postnatal ontogenesis.

The purpose of the study is to select 
methods for determining approximation 
growth models and individual growth 
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curves for body weight, length, sagittal 
and segmental diameters of the studied 
bones of the thoracic and pelvic limbs in 
broiler chickens and laying hens of the 
broiler parent flock.

Materials and methods  
of research

The object of the study were broiler 
chickens of the Cobb 500 strain at the age 
of 1, 8, 15, 22, 28, 43, and 50 days and 
laying hens of the broiler parent flock of 
the same strain at the age of 1, 10, 51, 
114, 175, 228, 350, and 410 days. In both 
age groups, the selection deadlines coin-
cided with the technological cycle of use.

Broiler chickens were raised in the 
production enterprise CJSC Complex 
Agromars, a village of Gavrylivka 
(Kyiv region), and laying hens of the 
parent flock of broilers in the conditions 
of the production enterprise LLC Ruby 
Roses Agricol Co., LTD, a village of 
Morozivka (Kyiv region).

The studied poultry was kept in 
“floor” conditions according to the gen-
erally accepted technology for meat-type 
chickens. The feeding diet was balanced 
in terms of nutrients according to age.

After slaughter, the chickens were 
weighed on Casio HL-4 electronic scales 
and the bones of the thorax (wings) and 
pelvis were removed by standard methods.

The research material was tubular 
bones of the thoracic (humerus, ulna, 
and radius) and pelvic (femur, tibia, 
and tarsometatarsus) limbs of poultry 
meat production (broiler chickens and 
laying hens of the parent flock of cross-
bred Cobb 500 broilers of different age 
groups, postnatal period of ontogenesis.

First of all, the linear dimensions 
were determined according to the gen-
erally accepted scheme, which was 
tested on different mammal species and 

humans using a caliper U-10 (022504) 
with an accuracy of 0.05 mm. In total, 
3150 measurements were performed 
according to the measurement scheme. 
Data on linear dimensions in milli-
meters were entered into osteological 
charts and subjected to statistical pro-
cessing to obtain average values.

To solve this goal, to obtain growth 
curves and identify special points (ex-
trema, inflections, etc.) to build a picture 
of the overall development of the body 
as a whole and individual limb bones, a 
corresponding regression analysis of ex-
perimental data based on known growth 
models was performed. We determined 
the most biologically suitable growth 
models for describing the growth dy-
namics of the body as a whole and indi-
vidual studied bones. The approximation 
of each of these functions was evaluated 
by the values of biologically determined 
parameters, in particular, the indicator in 
chicken hatching, the indicator in the as-
ymptotics (i.e. the indicator for the adult 
organism) for biological reasons and the 
value of standard deviation (SD).

The above calculations were carried 
out by means of the Wolfram Mathe-
matica 6.0 mathematical package using 
the Levenberg-Markart algorithm in or-
der to solve the corresponding optimi-
zation problems.

In this work, the abbreviated nota-
tion of the selected growth functions 
in the form: w (t) – body weight, l (t) 
– bone length, a (t) – sagittal diameter, e 
(t) – segmental diameter, with the sym-
bol t affects a certain moment in the life 
(i.e. age) of the bird. The symbols w, 
l, a, and e are also used in the indices 
to denote other growth characteristics 
(growth rates, inflection points, etc.). 
The generalized parameter (w, l, a, and 
e) is denoted by the symbol p.

It was also found necessary to establish 
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the features of individual growth curves w 
(t) and for the tubular bones of the limbs 
in broiler chicken a (t), e (t), and l (t), in 
particular, the age of maximum growth 
rate (T) and the maximum growth rate 
(V), the current relative growth rate (Q), 
the age position of the maximum relative 
growth rate (C) and the maximum relative 
growth rate (N). If the parameters of the 
selected growth functions are available, 
the calculation of T, V, N, and Q becomes 
a trivial arithmetic problem.

Results of the research  
and their discussion

To solve this goal, the selection of 
methods and their generalization was car-
ried out. Growth curves (functions) for 
body weight, length, sagittal and segmental 
diameters of the studied bones of the tho-
racic and pelvic limbs of broiler chickens 
and laying hens of the parent broiler flock 
were determined by the selected method.

The generalized values of the ob-
tained biologically significant results of 
approximation of growth parameters of 
tubular bones for broiler chickens are 
given in Tables 1–3.

From the indicators shown in Table 1, 
it follows that they can be used to select 
the most successful models to describe l 
(t) for the corresponding bones in broil-
er chickens. The defined models in the 
specified Table are marked in bold.

By pointing to the indicators in Table 
2, you can turn the most distant models 
for the description of a (t) for the type of 
bones in chicken broilers. The model val-
ues in the table are also indicated in bold.

Using the indicators presented in Table 
3, models can be used to describe the growth 
of e (t) of tubular bones in broiler chickens. 
The models selected for the description in 
the table are also marked in bold.

In addition, according to the principle 

of analogy, an approximation of the growth 
indices for broilers was carried out, the re-
sults of that for hatched, the definitive mass 
of broilers, and the root mean square error 
are presented in Table 4.

The results of Table 5 are followed 
by the preference of the model H3 to de-
scribe w (t) in broilers.

However, an approximation of the 
corresponding experimental data of 
laying hens was performed. The same 
model functions were tested as in the 
case of broiler chickens (Tables 5–7).

From the indicators given in Table 5, it 
follows that they can be used to select the 
most successful models to describe l (t) for 
the corresponding tubular bones in the hens 
of the parent flock. The defined models in 
the specified the table are marked in bold.

From the indicators given in Table 
6, you can choose the most successful 
models to describe a (t) of the corre-
sponding bones in chickens of the par-
ent flock. The defined models in the 
specified Table are also marked in bold.

From the indicators given in Table 
7, you can choose the most successful 
models to describe e (t) of the corre-
sponding bones in chickens of the par-
ent flock. The defined models in the 
specified Table are also marked in bold.

The mentioned model functions 
were also tested to approximate the 
weight gain of laying hens. Biologically 
significant results of these tests are pre-
sented in Table 8.

For the convenience of further an-
alyzes of all types, the selected model 
functions are summarized together with 
the corresponding parameters in a sepa-
rate Table 9.

The information in Table 9 is the 
basic information for further studies of 
growth processes in tubular bones of ex-
perimental birds.

The analysis of the data given in 
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1. Biologically determined indicators of different approximation of growth 
models for l (t) of tubular bones in broiler chickens, mm

Selected growth 
models

The name of the bone
Humerus Ulna

l∞ l0 SD l∞ l0 SD
Von Bertalanffy 141.717 30.404 3.319 74.003 11.453 2.230
Brody 540.200 30.335 3.469 80.234 8.503 1.659
Gompertz 89.017 28.933 3.883 72.262 12.460 2.609
Logistic 99.442 30.448 3.110 70.702 13.427 3.126
Richards 82.730 27.927 5.705 71.663 10.258 2.502
Weibull 68.426 34.481 1.548 90.348 3.926 1.527
Н1 92.677 30.503 3.016 79.549 5.532 1.375
Н2 68.093 34.279 1.365 99.547 1.111 1.525
Н3 70.056 33.910 1.635 94.255 3.150 1.504

Radius Femur
l∞ l0 SD l∞ l0 SD

Von Bertalanffy 64.716 9.038 7.850 74.003 11.453 2.230
Brody 67.864 5.288 7.446 80.234 8.503 1.659
Gompertz 63.795 10.206 8.138 72.262 12.460 2.609
Logistic 62.978 11.270 8.514 70.702 13.427 3.126
Richards 69.692 2.575 7.402 71.663 10.258 2.502
Weibull 68.703 4.497 7.441 140.623 14.628 4.305
Н1 65.874 4.806 7.090 91.167 14.549 4.022
Н2 71.262 2.539 7.549 116.966 11.932 4.249
Н3 68.727 4.474 7.441 118.318 14.984 4.285

Tarsometatarsus Tibia
l∞ l0 SD l∞ l0 SD

Von Bertalanffy 94.781 20.528 1.747 117.503 10.927 16.258
Brody 113.119 19.463 2.165 132.080 4.537 14.775
Gompertz 90.265 20.971 1.588 114.094 12.916 17.784
Logistic 85.788 21.563 1.405 111.685 14.447 19.596
Richards 92.225 20.813 1.654 131.979 4.578 14.775
Weibull 83.206 23.838 1.469 131.060 4.888 14.774
Н1 83.023 21.891 1.281 126.765 4.147 14.698
Н2 82.247 22.552 1.301 145.129 0.644 14.896
Н3 74.250 74.250 1.288 113.474 8.257 15.631

Note:  The growth models highlighted in bold type are the most acceptable in terms of the 

biological change p0, p∞ and the accuracy of the description of the experimental data.
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2. Biological values of the indicators of the approximate of growth models  
of a (t) of tubular bones in broiler chickens, mm

Selected growth 
models

The name of the bone
Humerus Ulna

a∞×10 a0×102 SD×104 a∞×10 a0×103 SD×103

Von Bertalanffy 8.747 10.331 9.024 6.387 13.077 1.661
Brody 9.664 6.756 11.195 7.052 0 2.355
Gompertz 8.511 11.498 8.270 6.330 29.534 1.694
Logistic 8.334 12.574 7.641 6.299 39.148 1.726
Richards 8.534 11.380 8.346 6.431 3.001 1.654
Weibull 8.046 16.559 7.395 6.309 6.191 1.562
Н1 8.158 13.123 6.911 6.350 13.605 1.616
Н2 8.082 15.192 7.013 6.415 14.650 1.710
Н3 8.242 15.333 7.664 8.560 ≈ 0 2.445

Radius Femur
a∞×10 a0×102 SD×104 a∞×10 a0×103 SD×104

Von Bertalanffy 4.245 6.097 2.303 9.075 108.711 4.173
Brody 5.203 5.334 2.748 10.010 66.739 3.097
Gompertz 4.035 6.401 2.129 8.838 122.809 5.172
Logistic 3.875 6.739 1.963 8.649 134.699 6.519
Richards 4.036 6.399 2.130 10.302 55.026 3.070
Weibull 3.573 9.030 1.624 35.224 50.607 7.014
Н1 3.726 7.132 1.786 21.631 36.929 3.134
Н2 3.593 8.415 1.654 11.836 4.752 3.050
Н3 3.513 7.638 1.537 10.742 71.479 3.011

Tarsometatarsus Tibia
a∞×10 a0×102 SD×103 a∞×10 a0×102 SD×104

Von Bertalanffy 6.832 8.890 1.303 8.488 12.654 11.519
Brody 7.634 6.480 1.411 9.324 8.899 8.618

Gompertz 6.631 9.740 1.269 8.265 13.922 12.936
Logistic 6.475 10.566 1.242 8.065 15.067 14.607
Richards 6.641 9.700 1.271 14.327 ≈ 0 6.194
Weibull 6.283 12.941 1.234 18.160 ≈ 0 6.052

Н1 6.371 9.890 1.213 16.706 4.9068 6.054
Н2 6.345 11.547 1.229 18.215 ≈ 0 6.328
Н3 9.279 6.880 1.418 18.162 ≈ 0 6.052

Note: The growth models highlighted in bold type are the most acceptable in terms of the 

biological change p0, p∞ and the accuracy of the description of the experimental data.
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3. Biological values of indicators of the approximate of growth models for e (t) 
of tubular bones in broiler chickens, mm

Selected growth 
models

The name of the bone
Humerus Ulna

e∞×10 e0×102 SD×104 e∞×10 e0×102 SD×104

Von Bertalanffy 6.731 7.848 13.302 4.824 7.762 6.534
Brody 7.125 4.612 16.506 5.014 5.679 7.823
Gompertz 6.620 8.833 11.954 4.766 8.399 6.018
Logistic 6.537 9.808 10.660 4.715 9.169 5.432
Richards 6.612 8.824 11.981 4.767 8.386 6.219
Weibull 6.292 17.515 6.265 4.574 14.016 3.974
Н1 6.449 10.819 8.794 4.636 9.837 4.835
Н2 6.298 16.879 5.645 4.570 13.596 3.893
Н3 6.268 12.453 3.608 5.975 6.23 8.336

Radius Femur
e∞×10 e0×102 SD×104 e∞ e0×102 SD×104

Von Bertalanffy 3.178 6.317 9.398 0.967 11.097 4.637
Brody 3.506 5.970 10.157 1.046 6.300 6.055
Gompertz 3.143 6.457 9.047 0.946 12.636 4.536
Logistic 3.024 6.727 8.571 0.930 13.983 4.771
Richards 3.113 6.457 9.039 0.949 1.2347 4.530
Weibull 2.835 10.517 5.364 1.003 8.701 5.355
Н1 2.983 6.824 8.085 0.939 8.718 4.395
Н2 2.841 10.392 5.393 0.956 10.439 4.556
Н3 4.253 6.251 10.139 1.147 6.772 6.230

Tarsometatarsus Tibia
e∞ e0×102 SD×104 e∞×10 e0×102 SD×104

Von Bertalanffy 1.148 1.943 5.537 16.918 2.355 13.934
Brody 1.314 1.678 5.584 208.251 2.332 15.063
Gompertz 1.106 2.043 5.768 14.001 2.368 13.433
Logistic 1.068 2.148 6.262 12.140 2.386 12.867
Richards 1.203 1.838 5.466 16.496 2.340 13.955
Weibull 1.194 1.926 5.456 9.148 2.905 8.457
Н1 1.113 1.417 5.943 10.904 2.414 12.243
Н2 1.197 1.494 5.565 9.084 2.827 9.500
Н3 1.567 1.546 5.595 9.168 2.935 8.557

Note: The growth models highlighted in bold type are the most acceptable in terms of the 
biological change p0, p∞ and the accuracy of the description of the experimental data.
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Table  9 shows the acceptability of the 
hyperbolastic model of type H3 for the 
formation of body weight because this 
model gives the most biologically proba-
ble indicators of p0 and p under the lowest 
value of R2.

Different parametric models are ac-
ceptable for the studied linear parame-
ters of tubular bones, which indicates 
the need to select growth models for 
each case in the study of different spe-
cies of animals (Zheng et al., 2020).

For the analysis of individual growth 
curves, information on the character-
istics of individual growth curves, in 
particular, the values of p∞, p0, T, V, and 
N, may be of some practical interest. We 
have performed a comparative analysis 
of these characteristics for different p of 
a particular bone (Yan & Zhang, 2020).

In order to obtain the values of T, V, and 
N for p bones, the known technology of 
finding the inflection points of analytical 
functions was used. Therefore, the search 
for inflection points is actually reduced to 
finding the roots of the second derivatives 
of the growth function from Table 9.

For relatively simple growth func-
tions (Weibull, Gompertz), which have 
a simple form of the second derivative, 
this problem was solved analytically 
(Tjørve et al, 2017). For other growth 
functions (hyperbolastic), the prob-
lem of finding these roots was solved 
by numerical methods of the Wolfram 
Mathematica® 6.0 package. The results 
of these calculations for T, V, and N are 
presented in Table 10.

Dashes indicate no inflection point. 
In this case, the absolute growth rate has 
the maximum value during hatching and 
gradually decreases with age.

From Table 10, it is seen that all tu-
bular bones of laying hens are charac-
terized by the absence of the inflection 
point on the growth curves a (t), which 
causes the absence of a period of inten-
sive growth in the growth of sagittal di-
ameter at the beginning of the postnatal 
period of ontogenesis.

That is, the maximum growth rate of 
this diameter is at the beginning of the 
postnatal period and in subsequent age 
periods only decreases. This increase in 

4. Summary table of results of approximation of growth data of body weight 
in broiler chickens, g

Growth model w∞ w0 SD
Von Bertalanffy 3656.92 0.43 2922.63
Brody 1.79×108 < 0 16500.90
Gompertz 3133.92 18.50 2125.19
Logistic 2983.12 28.10 1993.54
Richards 3124.92 18.33 2125.20
Weibull 263.95 51.39 2592.46
Н1 2660.35 40.00* 2372.43
Н2 2765.47 40.00 2138.05
Н3 2813.69 40.00 2304.35

Note: * When approximated by hyperbolastic functions, it was taken into account that the 
average body weight of broiler chickens at the time of hatching is at the level of 40 g. The growth 
models highlighted in bold type are the most acceptable in terms of the biological change p0, p∞ 

and the accuracy of the description of the experimental data.
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5. Biologically determined indicators of different approximation of growth 
models for l (t) of tubular bones in laying hens, mm

Selected growth 
models

The name of the bone
Humerus  Ulna 

l∞ l0 SD×102 l∞ l0 SD×103

Von Bertalanffy 8.267 1.123 5.237 8.710 1.362 17.389
Brody 8.253 1.650 4.732 8.660 1.775 29.392
Gompertz 8.247 1.797 4.570 8.637 1.895 36.218
Logistic 8.238 1.947 4.428 8.607 2.000 46.305
Richards 8.249 1.757 4.615 8.769 < 10-3 9.627
Weibull 8.227 2.258 4.341 8.897 < 0 4.541
Н1 8.226 2.401 4.364 8.895 0.248 4.536
Н2 8.225 2.178 4.364 8.980 0.078 4.178
Н3 8.508 < 0 9.495 9.005 0.692 4.100

Radius Femur
l∞ l0×10 SD×103 l∞ l0 SD×104

Von Bertalanffy 7.490 6.436 10.251 9.664 1.155 53.749
Brody 7.477 12.329 7.909 9.622 1.700 11.180
Gompertz 7.470 13.836 7.369 9.603 1.853 15.645
Logistic 7.463 15.203 7.150 9.579 1.993 42.677
Richards 7.471 13.620 7.434 9.618 1.737 10.814
Weibull 7.462 15.650 6.980 9.613 1.797 9.501
Н1 7.463 10.071 7.160 9.618 0.785 10.717
Н2 7.462 15.437 7.223 9.623 1.590 13.372
Н3 8.282 2.573 101.612 9.613 1.640 9.051

Tarsometatarsus Tibia
l∞ l0 SD×103 l∞ l0 SD×102

Von Bertalanffy 8.703 0.755 5.262 13.080 1.818 7.135
Brody 8.679 1.389 3.033 13.042 2.526 4.548
Gompertz 8.668 1.552 2.987 13.002 2.939 2.789
Logistic 8.656 1.695 3.688 13.002 2.939 2.789
Richards 8.673 1.488 2.932 13.026 2.718 3.693
Weibull 7.171 1.500 2.803 12.960 3.555 2.167
Н1 8.673 0.667 2.954 13.023 1.299 3.971
Н2 8.674 1.425 3.094 12.962 3.326 2.230
Н3 8.671 1.487 2.802 13.097 1.277 22.192

Note: The growth models highlighted in bold type are the most acceptable in terms of the 
biological change p0, p∞ and the accuracy of the description of the experimental data.
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the sagittal diameter can be explained by 
the predominance of factors inhibiting 
the growth of sagittal diameter of tubular 
bones over the factors of its acceleration. 
Moreover, this prevalence is observed 

throughout the postnatal period of onto-
genesis (experimental) laying hens of the 
parent broiler herd (Remeš et al., 2020).

In addition to the sagittal diameter, 
we can assume that this behavior is also 

6. Biologically determined indicators of different approximation of growth 
models for a (t) of tubular bones in laying hens, mm

Selected growth 
models

The name of the bone
Humerus Ulna

a∞×10 a0×102 SD×103 a∞×10 a0×10 SD×105

Von Bertalanffy 9.337 22.541 2.063 7.651 1.804 13.060
Brody 9.270 25.324 2.193 7.604 2.043 13.886
Gompertz 12.556 26.329 2.269 7.584 2.133 16.285
Logistic 9.199 27.529 2.414 7.554 2.250 22.757
Richards 9.504 0 1.933 7.633 1.900 12.690
Weibull 9.752 0 1.876 7.626 1.948 12.476
Н1 10.978 4.242 1.870 7.630 1.013 11.959
Н2 10.000 1.475 1.849 7.650 1.724 13.899
Н3 9.937 19.698 1.809 7.598 1.703 7.161

Radius Femur
a∞×10 a0×102 SD×105 a∞×10 a0×103 SD×104

Von Bertalanffy 4.403 19.742 14.229 8.847 240.409 5.624
Brody 3.679 12.836 14.870 8.802 267.164 7.194
Gompertz 4.325 20.343 17.401 8.780 276.452 8.059
Logistic 4.280 20.765 20.272 8.740 286.197 9.743
Richards 4.465 19.367 12.435 8.953 3.208 3.646
Weibull 26.010 7.303 4.094 9.078 0 3.350
Н1 7.813 10.784 2.988 9.770 39.013 3.720
Н2 > 100 2.381 3.909 9.244 18.202 3.474
Н3 16.318 ≈ 0 3.369 9.400 197.614 3.713

Tarsometatarsus Tibia
a∞×10 a0×104 SD×104 a∞×10 a0×10 SD×104

Von Bertalanffy 6.859 1664.399 3.725 8.177 2.444 13.955
Brody 6.801 1878.231 5.165 8.163 2.648 12.260
Gompertz 6.776 1957.349 5.949 8.156 2.725 11.575
Logistic 6.737 2043.843 7.359 8.143 2.859 10.540
Richards 7.027 0 1.964 8.157 2.719 11.635
Weibull 7.241 0 1.546 8.210 1.096 19.261
Н1 8.207 316.356 1.412 8.138 2.902 10.165
Н2 7.664 5.159 1.432 8.113 3.201 9.538
Н3 7.408 1432.926 1.861 8.129 2.785 8.073

Note: The growth models highlighted in bold type are the most acceptable in terms of the 
biological change p0, p∞ and the accuracy of the description of the experimental data.
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7. Biologically determined indicators of different approximation of growth 
models for e (t) of tubular bones in laying hens, mm

Selected growth 
models

The name of the bone
Humerus Ulna

e∞×10 e0×103 SD×103 e∞×10 e0×10 SD×104

Von Bertalanffy 7.504 < 0 7.269 4.898 1.293 6.992
Brody 7.504 < 0 7.269 4.892 1.480 6.854
Gompertz 7.504 7.335 7.269 4.889 1.542 6.818
Logistic 7.504 19.154 7.269 4.883 1.628 6.807
Richards 7.504 ≈ 0 7.269 4.889 1.542 6.819
Weibull 7.504 ≈ 0 7.269 4.885 1.684 6.760
Н1 7.504 44.660 7.269 4.885 1.278 6.801
Н2 7.504 68.999 7.269 4.883 1.627 6.824
Н3 8.037 ≈ 0 8.834 4.851 1.471 6.947

Radius Femur
e∞×10 e0×104 SD×104 e∞×10 e0×102 SD×104

Von Bertalanffy 3.725 1211.982 12.068 9.385 22.152 7.051
Brody 3.679 1283.649 14.870 9.350 25.761 8.368
Gompertz 3.663 1313.890 16.311 9.333 26.881 9.065
Logistic 3.635 1361.934 19.325 9.304 28.003 1.025
Richards 4.271 3.126 6.334 9.443 0 5.642
Weibull 5.465 0 6.240 9.495 ≈ 0 5.284
Н1 4.249 4205.523 6.155 9.508 4.343 5.145
Н2 5.678 19.083 6.291 9.576 2.891 5.515
Н3 5.085 5082.130 51.317 9.495 ≈ 0 5.284

Tarsometatarsus Tibia
e∞ e0×103 SD×104 e∞×10 e0×102 SD×103

Von Bertalanffy 1.041 303.583 37.973 9.119 16.462 2.685
Brody 1.035 330.393 58.633 9.083 20.543 2.702
Gompertz 1.032 340.334 70.144 9.065 21.777 2.724
Logistic 1.026 352.342 93.784 9.040 23.046 2.770
Richards 1.061 3.573 10.822 9.115 17.063 2.685
Weibull 1.078 9.305 7.581 9.110 17.127 2.685
Н1 1.077 75.400 7.611 9.115 7.365 2.686
Н2 1.107 36.377 7.606 9.117 16.370 2.691
Н3 1.115 269.22 9.726 9.115 16.497 2.684

Note: The growth models highlighted in bold type are the most acceptable in terms of the 
biological change p0, p∞ and the accuracy of the description of the experimental data.
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8. Summary table of results of approximation of growth data of body weight 
in laying hens, g

Growth model w∞ w0 SD
Von Bertalanffy 243.33 5245.90 57732.70
Brody 47.01 6537.61 33784.10
Gompertz 352.748 4913.25 86110.70
Logistic 0 7870.24 31754.24
Richards 315.98 5031.62 73448.55
Weibull ≈ 0 8560.02 31317.92
Н1 50.00 63808.20 35682.28
Н2 50.00 6899.78 38404.96
Н3 50.00 7952.67 32249.47

Note: The growth models highlighted in bold type are the most acceptable in terms of the 
biological change p0, p∞ and the accuracy of the description of the experimental data.

9. The most acceptable approximations of the growth of tubular bones  
and body weight in broiler chickens and laying hens, mm

The name of the bone l (t) a (t) e (t)
Broiler chickens

w (t): Н3: M = 2713.69, α = 2673.69, β = 0.000181414, γ = 2.41066, θ = 0.00166361 

Humerus

Н3:
M = 70.0562
α = 36.1457

β = 0.000633271
γ = 2.119

θ = 7.21822×10-6

Н2:
M = 0.808165
α = 4.90089
β = 0.11606
γ = 1.0387

Н3:
M = 0.625752
α = 0.501221

β = 6.97168×10-6

γ = 3.72442
θ = 0.02516

Ulna
Brody:

B = 0.894021
k = 0.0351153

M = 80.234
-

Н2:
M =0.458035
α =2.68738

β = 0.0487252
γ = 1.50633

Radius
Brody:

B = 0.922084
K = 0.0461969
M = 67.8641

Н3:
M = 0.351316
α = 0.274938

β = 0.0000517819
γ = 2.86125

θ = 0.018792

Weibull:
k = 0.0000316808

m = 0.105182
M = 0.179191
β = 3.26981

Femur

Ричардс:
B = 0.570888
k = 0.0571839
M = 71.6627
μ = 2.29763

Gompertz:
L = 1.97354

M = 0.883751
α = 0.0694911

Logistic:
k = 0.0879022
M = 0.929591
μ = 2.73291

Tibia
Gompertz:

L = 2.17857
M = 114.094

α = 0.0683775

Logistic:
k = 0.068346
M = 0.806512

μ = 2.4203

Н3:
M = 0.914752
α = 0.624297

β = 0.00064504
γ = 2.13112

θ = 0
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observed in the growth and develop-
ment of the segmental diameter of the 
radial, femoral, tibial, and metatarsal 
bones, in which T is quite close to 0.

Only for the humerus and ulna, the 
growth curve of segmental diameter has 
a significant (quite distant from 0) inflec-
tion point, which may be due to the in-
fluence of torsional loads, which have a 
fairly high level of action in these bones.

However, a completely different picture 
is observed regarding the distribution of in-
flection points in the tubular bones of broiler 
chickens, where all inflections (except Tl of 
ulna and Te of tarsometatarsus) are reliable. 
In addition, the Te of the humerus and ulna 
in chickens is larger than the corresponding 
parameters of laying hens.

The presence of inflection a (t) of 
tubular bones in chickens, in contrast 

Tarsometatarsus
Logistic:

k = 0.0551342
M = 85.7876
μ = 1.99219

Н2:
M = 0.634489
α = 5.09938
β = 0.194285
γ = 0.936812

Н3:
M = 1.56447
α = 1.41006

β = 0.0112256
γ = 0

θ = 0.0208725
Laying hens 

w (t): Brody: M = 6537.61, B = 0.992808, k = 0.00333459

Humerus

Н2:
M = 8.22537
α = 3.15005

β = 0.00510514
γ = 1.02602

Н3:
M = 0.99373
α = 0.796746

β = 7.30852×10-7

γ = 2.14373
θ = 0.0173553

Н1:
M = 0.750404
α = 15.8027
β = 0.200098
θ = 0.180303

Ulna

Н1:
M = 8.89477
α = 36.3884

β = 0.00721397
θ = 0.800526

Н3:
M = 0.759775
α = 0.589478

β = 9.01315×10-9

γ = 3.58625
θ = 0.0164941

Weibull:
M = 0.320103

k = 0.00709267
m = 0.168373
β = 1.27428

Radius

Weibull:
M = 5.89785

k = 0.00656149
m = 1.56503
β = 1.34392

Von Bertalanffy:
B = 0.296024

k = 0.00986984
M = 0.367936

Н1:
M = 0.42479
α = 9.10076

β = 0.00558144
θ = 0.467032

Femur

Н3:
M = 9.61272
α = 7.97292

β = 0.0233235
γ = 1.06994

θ = -0.0114563

Н3:
M = 0.94003
α = 0.742415

β = 0
γ = 0.669368
θ = 0.216069

Н1:
M = 0.950838
α = 20.8933

β = 0.00873147
θ = 0.832502

Tibia

Weibull:
k = 0.00164194

m = 3.55469
M = 9.40693
β = 1.60955

Н3:
M = 0.812858
α = 0.534372

β = 1.64534×10-8

γ = 3.73593
θ = 0.0139368

Н3:
M = 0.911457
α = 0.74649

β = 0.0263728
γ = 0.998023

θ = -0.00499139

Tarsometatarsus

Н3:
M = 8.67074
α = 7.18375

β = 0.00864064
γ = 1.24041

θ = 0.00171335

Н2:
M = 0.766396
α = 1684.22
β = 6.68533
γ = 0.107594

Н1:
M = 1.07727
α = 13.2873

β = 0.00474761
θ = 0.669921
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10. Individual characteristics of the development of individual tubular bones 
in experimental birds birds

The name of the 
bone l (t) a (t) e (t)

Broiler chickensw (t): T = 27.737, V = 72.654, N = 5.882×10-2, С = 5.58461

Humerus
T = 23.904V = 9.977×10-1N 

= 2.047×10-2

С = 19.2213

T = 16.033V = 2.162×10-2N 
= 5.119×10-2

С = 5.16865

T = 19.556
V = 2.153×10-2

N = 5.046×10-2

С = 0

Ulna -
T = 6.605V = 3.043×10-2N = 

1.996×10-1

С = 0.675032

T = 16.396V = 1.458×10-2N 
= 5.060×10-2

С = 11.6958

Radius -
T = 21.158

V = 8.23938×10-3N = 
3.81449×10-2

С = 0

T = 21.257V = 9.55721×10-

3N = 4.90442×10-2

С = 17.9777

Femur
T = 4.745V = 1.952N = 

1.013×10-1

С = 0

T = 9.783V = 2.259×10-2N = 
6.949×10-2

С = 0

T = 11.437V = 2.551×10-2N 
= 6.435×10-2

С = 0

Tibia
T = 11.388V = 2.870N = 

6.838×10-2

С = 0

T = 12.933V = 1.689×10-2N 
= 4.836×10-2

С = 0

T = 23.333V = 1.780×10-2N 
= 3.251×10-2

С = 16.3312

Tarsometatarsus
T = 12.502V = 1.400N = 

3.671×10-2

С = 0

T = 15.326V = 1.520×10-2N 
= 4.872×10-2

С = 0
-

Laying hens w (t): there is no inflection point

Humerus
T = 27.8238V = 0.0937657N 

= 0.0213174
С = 7.76348

-
T = 13.9236V = 0.0305553N 

= 0.084365
С = 0

Ulna
T = 1.31197V = 0.313971N 

= 0.514416
С = 0

-
T = 14.5581
V = 0.00486297
N = 0.0211101

С = 0

Radius
T = 15.2725
V = 0.102825
N = 0.0354976
С = 5.61676

T < 0
T = 0.388981V = 

0.0190749N = 0.386832
С = 0

Femur
T = 7.02549V = 0.123033N 

= 0.0501829
С = 1.64339

-
T = 0.983014V = 0.047113N 

= 0.547511
С = 0

Tibia
T = 29.3819V = 0.133631N 

= 0.0204947
С = 2.77722

- -

Tarsometatarsus
T = 10.6745V = 0.123758N 

= 0.0462142
С = 15.8117

-
T = 0.646768V = 

0.0559817N = 0.50977
С = 0

Note: Units: T – day, V – g/day in the case of w (t) or mm/day in other cases, N – day-1, C – day.

to laying hens, may be explained by the 
conditions of keeping these birds that 
change the biological patterns of onto-
genetic growth, which are manifested in 
chickens of the parent broiler flock.

Broilers are kept in conditions aimed 
at maintaining the maximum rate of 

weight gain. In this case, this rate of mass 
growth may occur due to the suboptimal 
functioning of other parts of the body. 
Therefore, the factors influencing the 
diametrical development of bones in the 
case of broiler chickens are more unpre-
dictable, which may cause an abnormally 
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large acceleration of diametrical bone 
growth in broiler chickens during the 
6th–23rd day of the postnatal period.

The pattern of growth of the bone 
length of the extremities is more stable. 
Both broiler chickens and laying hens 
have Tl (except for the radial bone). Giv-
en the proximity to 0 Tl of the ulna in 
laying hens, the patterns of distribution 
of acceleration and inhibition factors in 
increasing the length of the tubular bones 
of broiler chickens and laying hens can 
be considered qualitatively similar. The 
exclusion of the radial bone from the 
general picture may be explained by the 
increased growth rate of those tubular 
bones in the wing that perceive the force 
of torsional, bending loads in broiler 
chickens against the background of limit-
ed overall metabolism, which causes vir-
tually no factors accelerating radial bone 
growth. This bone mainly performs the 
auxiliary function of the lever of move-
ments, which holds the muscle groups 
and has no significant longitudinal loads 
(Blom & Clas, 2004).

Analysis of the Vl values of the re-
spective bones in broiler and laying 
hens indicates an increased growth 
rate of tubular bone length in chickens 
compared to laying hens, due to hous-
ing conditions that contribute to a rapid 
weight gain of birds. However, a similar 
pattern is observed for the values of Ve 
of ulna and humerus.

Maximum relative velocities do not 
give a clear comparative picture between 
broiler chickens and laying hens, which 
may be due to the behavior of the growth 
curve of the bird’s body weight. Thus, for 
broilers, it was found that Tw ≈ 28 days, and 
in the general case indicates a later period 
of inhibition of development of the whole 
organism than individual tubular bones.

However, for laying hens, no in-
flection points were found at all in the 

body weight growth curve, which may 
also be caused by the conditions of the 
bird, aimed at the optimal physiological 
functioning of all parts of the body.

Conclusions and future 
perspectives

The main purpose of the selection of 
mathematical models is the formation of 
qualitative and quantitative patterns of age 
development of the studied objects. The 
growth models used in the studies may be 
of practical value for assessing the dynam-
ics of changes in body weight and linear 
parameters of tubular bones. Therefore, the 
most acceptable growth models for these 
parameters should be recommended for 
widespread use in poultry farming to in-
crease poultry meat productivity.

The performed approximation analy-
sis makes it possible to analytically deter-
mine the age periods of the prevalence of 
one parameter over another and compar-
ative analysis between different tubular 
bones allows to analyze their functional 
activity at different age periods.

In addition, a comparative analysis 
of similar parameters between broiler 
chickens and laying hens allows us to 
draw some conclusions about the influ-
ence of housing conditions and genetics 
on the development of similar tubular 
bones in chickens.

The lack of a unified growth model of 
the linear parameters of different tubular 
bones in meat-type chickens during the 
postnatal period of ontogenesis indicates 
the need for a clear selection of growth 
models taking into account age, species, 
breed, housing and feeding conditions. 
The growth model that best describes the 
body weight dynamics of broiler chickens 
is the hyperbolastic growth model of the 
H3 type, and the laying hens of the parent 
broiler flock are the Brody growth model.
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In the future, we plan to compare the 
growth rate of body weight, as an inte-
gral characteristic of the development 
of the organism, with the growth rate of 
individual tubular bones.
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Матеріалом досліджень були трубчасті кістки грудної (плечова, ліктьова та 
променева) та тазової (стегнова, великогомілкова та заплесно-плеснова) кінцівок птиці 
м’ясного напряму продуктивності (курчат-бройлерів та курей-несучок батьківського 
стада бройлерів кросу Cobb-500) різних вікових груп постнатального періоду онтогенезу.

Для вирішення поставленої мети щодо отримання ростових кривих і виявлення 
особливих точок (екстремумів, перегинів тощо), для побудови картини сукупного 
розвитку тіла загалом та деяких кісток кінцівок, проведено відповідний регресійний 
аналіз експериментальних даних на базі відомих ростових моделей. Водночас  визначалися 
найбільш придатні з біологічної точки зору ростові моделі для описання динаміки росту 
тіла загалом та деяких досліджуваних кісток. 

Встановлено відсутність уніфікованої ростової моделі лінійних параметрів різних 
трубчастих кісток курей м’ясного напряму продуктивності в постнатальному періоді 
онтогенезу. З цього слідує необхідність чіткого підбору ростових моделей із врахуванням 
віку, виду, породи, умов утримання та годівлі свійської птиці.

Ростовою моделлю, що найкраще описує динаміку маси тіла курчат-бройлерів, є 
гіперболастична ростова модель типу Н3, а курей-несучок батьківського бройлерного 
стада – ростова модель Броді. 

Ключові слова: ростові моделі, трубчасті кістки, маса тіла, кури мясного напряму 
продуктивності


