Received: 02.02.2026; Accepted: 12.02.2026; Published: 30.03.2026;

UDC 528.486:625.724
CONNECTING THE ARCS OF TWO CIRCULAR CURVES IN THE
DESIGN AND RECONSTRUCTION OF HIGHWAYS

M. Marushchak, Candidate of Technical Sciences, Associate Professor
m.marushchak@chdtu.edu.ua
ORCID/0000-0001-6075-1840

Cherkasy State Technological University
S. Radov, Candidate of Technical Sciences, Associate Professor
s.radov@chdtu.edu.ua
ORCID/0009-0003-5721-996X
Cherkasy State Technological University
S. Rotte, Candidate of Technical Sciences, Associate Professor
s.rotte@chdtu.edu.ua
ORCID/0000-0003-1281-1241
Cherkasy State Technological University
A. Volontyr, senior lecturer
a.volontyr(@chdtu.edu.ua
ORCID /0000-0001-5609-4569
Cherkasy State Technological University
O. Kuznetsova, senior lecturer
o.kuznetsova@chdtu.edu.ua
ORCID /0009-0006-2189-7306
Cherkasy State Technological University

Abstract. The safety and conditions of road transport traffic significantly depend
on the influence of curved sections. For practical use, methods for designing horizontal

curves are constantly being improved. At present, there are no simple and reliable
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methods for designing transition curves for connecting two one-way circular curves in
scientific publications. Existing methods for finding optimal transition curves use
iterative processes and specially developed software products. Therefore, improving
the methodology for solving the problem of connecting circular curves is of practical
importance. The paper considers the main options for forming curved sections with
two circular curves - connecting by straight inserts, arcs of circles of larger radius and
clothoids, as well as searching for a clothoid that is common to two circular curves
and ensures the preservation of their centers. It is proved that with a known position
of the centers and arcs of circular curves of given radii , the search for the optimal
clothoid can be performed by the standard function "Solution Search" of the "
Microsoft" menu. Excel ". Possible options for the location of the extreme points of the
clothoid on existing or designed circular curves are given by the directional angles
between the centers of the curves and the starting and ending points of the circular
curves. Examples of calculations of direct inserts and clothoids for connecting two
circular curves are given.

Keywords: circular curve, geometric connection conditions, direct insertion,

clothoid, optimization, solution search.

Introduction. Design , construction and reconstruction of curved sections of
highways requires further development and implementation of innovative technologies
for their geodetic support. Smooth changes in the radius of curvature of the road are
achieved by inserting transitional curves, which reduce the negative impact of
centrifugal acceleration on vehicles and road users. In this case, a clothoid with a linear
dependence of curvature on the length of its arc is mainly used. Less commonly, other
spirals, cubic parabolas and polynomials of higher degrees are used as transitional
curves.

Topicality. A special case can be considered the presence of two horizontal curves
turned in one direction, the distance between which does not allow the traditional
construction of transition curves. Connecting such circular curves with short straight

inserts is not recommended, and replacing them with one circular curve of a larger
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radius leads to a significant planned displacement of the primary curves. A transition
curve can serve as the optimal connection of two adjacent circular curves. Existing
methods for modeling such a transition curve usually use an iterative optimization
process and have limited practical application. In this regard, the search for simple and
reliable methods for designing transition curves between two curvilinear sections is of
important practical importance.

Analysis of recent research and publications. The current state building codes
(DBN) for transport structures [1; 2; 3] regulate the issue of connecting two equally
directed circular curves on highways, railways and in the subway in different ways. It
should also be noted that the relevant standards for highways and subways have
changed compared to the previous (no longer valid) DBN [4; 5]. For example, earlier
for highways, depending on the mutual location of such circular curves, it was
recommended to replace them with one circular curve of a larger radius, connect them
with a transitional curve or a direct insert [4, item 2.30]. For subway tracks, it was also
provided that transitional curves are inserted between circular curves of different radii
[5, item 7.2]. The current standards [1, item 5.1.11] and [2, item 7.8] only note the need
in such cases to design a single-slope transverse profile with a bend offset on part of
the circular curve and on the adjacent straight section of the route.

The construction of a transition curve between such circular curves is considered,
for example, in works [6-10]. The authors of the monograph [6] most fully and in detail
investigate the modeling of various curves with variable radii and optimization of the
search for unknown coefficients of the equation of curvature distribution and arc length
between endpoints using the Hooke- Jeeves algorithm . The formulas for calculating
the coordinates of the clothoid connecting two circular curves are given in work [7]
with an unknown length of the transition curve, which must be determined by the
approximation method. Variants of constructing a transition curve in the form of a
quadratic spiral [8], a swarm of arc particles [9], a cubic parabola [10], etc. are also
considered. It is obvious that the need to use the iteration method to find the final
version of the transition curve complicates the implementation of these algorithms in

engineering practice.
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Purpose and objectives of the study. The study was conducted to assess the

possibility of directly determining the unknown parameters of a transition curve
connecting two equally directed circular curves, and to develop algorithms for
calculating and objectively monitoring the transition curve.

Materials and methods. The justification of algorithms for connecting two
circular curves by transition curves was carried out using methods of analysis,
synthesis, and mathematical modeling.

Presentation of the main material.

Problem statement. The combination of two circular curves of different radii into
a continuous path can be done by straight inserts (Fig. 1, a) or by transitional curves,
which at the connection points must be tangent to the circular curves. In addition, the
circular curves and the straight insert can be replaced by one circular curve (Fig. 1, b
), which, if necessary, can be connected to the straight sections by transitional curves
(Fig. 2, a) or replaced by a biclothoid [11] (Fig. 2, b ) In the considered cases of using
circular and transitional curves, the existing or designed route is displaced (see Fig. 1-
2), which may be impossible or inappropriate due to local conditions (presence of

obstacles, urban planning or land management restrictions, etc.).
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Figure. 1 - Route diagram: a) two circular curves (4142, B1Bz) and a straight

insert (428); b) replacement of curves with one circular curve (4B)



Figure. 2 - Route diagram: a) two clothoids (AA', BB') and a circular curve

(A'B"); b) replacing curves with a biclothoid (AB)

In such cases, it is better to connect two circular curves with a transition curve,
the spatial location of which will be close to the section A4;B; of the existing route.

General provisions for the design of a transition curve between two circular
curves. For two circular curves 4,4, and BB, (see Fig. 1, a) it is possible to construct
an infinite number of various transition curves, the extreme points of which will be
within the arcs of the corresponding curves. The length of such transition curves will
depend on their type and the distance of the beginning and end of the transition curve
from the end points of the circular curves 4, and B, , therefore, in practice, it is
advisable to limit ourselves to the interval from the middle to the end of the circular
curves.

When designing the transition curve AB, you can arbitrarily choose its starting
point (4) in the given interval of the arc SK;-4, of the first curve and determine its
coordinates (x4, ¥4) using the well-known formulas:

X4 = Xo, + Ricosagp 4
Ya=Yo, T R15in“01A}'

(1)

where xp,, Yo, and R, — coordinates of the center and radius of the first circular curve;
@, 4 — the directional angle of the line from the center of the circle to point A4.

Similarly, the end point of the transition curve (B) in a given interval is determined

arc B,-SK; of the second curve and its coordinates (xz, yg) are determined.
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The procedure for finding a transition curve between two existing circular curves
(Fig. 3) consists in finding such a tangent curve for which the geometric parameters of
the transition and circular curves coincide at the connection points (i = 1, 2):

P =Vis (2)
pi = Ry, (3)

and the calculated coordinates of the centers of the circles satisfy the equation:

\/(xoz - x01)2 + ()’02 - )’01)2 = b3, (4)
where @; and y; — turning angles transition and circular curves at their connection
points;

p; and R; — radii transition and circular curves at their connection points;

X0, Yo, - coordinates of the centers of circular curves relative to the beginning of
the transition curve;

b;, — the distance between the centers of the given circular curves.

X 4

Q, y

Figure. 3. Scheme of connecting two circular curves by a clothoid



7

Regardless of the type of transition curve, the coordinates of the centers of circular
curves can be determined by the formulas:
Xo, = X; — Rising;
Yo, =Vi t RiCOS(pi»} (5)

where x;, y; (j = 4, B) — conditional coordinates of the connection points of the

transition and circular curves.

Full compliance with the geometric conditions for connecting two circular curves
(2)-(4) can be achieved by using a clothoid (Fig. 3), but it does not always provide such
a connection. For example, if the radii of the circular curves are the same, then it is
impossible to construct a clothoid between them. The practice of connecting circular
curves with straight sections shows that changing the radii at the points of their
connection has less effect on traffic safety than the discrepancy in the angles of rotation.
Therefore, the connection of two circular curves can be done by straight inserts and
transitional curves, which are tangent to the circular curves at the connection points.

Calculation of the straight insert. The boundary data for designing the transition
curve should be the positions of the main points of the circular curves. To construct a
straight line segment that is tangent to two circles, we find the coordinates of points A

and B; (see Fig. 1), at which the straight insert connects to the circular curves:

(6)

)

Xa, = Xo, T Ricosay,, Xp, = Xg, T Ryc0sa,p,
Ya, = Yo, + R15ina1A2}. VB, = Yo, T Rysina,p, }’
where @, 4,, a,p, —unknown directional angles of lines from the centers of the circles
and points 4,, B;.
Having solved the inverse geodesic problem by the coordinates of the centers of
circular curves
Yo, = Yo,

tgaop.0, =
1Y2 —
X0, = Xo,

(7)

Yo, = Yo, o, — Xo,

by, == = (8)
sinag, g, €0SQg,o,

and determining the horizontal angle (w) between the lines 4,8, and 0,0,



can calculate unknown direction angles ay_4,, @¢,p, by the formula:
a01A2 = aOZBZ = a0102 — w. (10)
An example of calculating the coordinates of the connection points of a straight
insert with circular curves is given in Table 1.

Table 1. Calculation of direct insertion

Xo, = 1250 m Xo,= 1200 m
Yo, = 2500 m Yo,= 2550 m
R;= 250 m R2 = 150 m

b= 111,83m | @p,0,=| 26.565051°

w=| 26.565051° | ap 4,= 0.0°

X4, =11500.000m | xp,=| 1500,000 m

2

Ya, = | 2500,000m | Yp, =| 2550.000m

Q pr.vst.

dpr_vs[. = 50,000 m 90.00

Construction of a circular arc between given points of two circular curves. In
the case of designing the connection of two circular curves with the same radii by a
transition curve, the tangential arc of the circle AB can be used (Fig. 4). It can be
constructed using the property of the angle bisector between the tangent and the chord.
With the known position of two points (4 — the beginning of the curve, B — the end of
the curve) and the center (O) of the circular curve, it is easy to find the direction angles
(a0, apo) of the corresponding directions to the center of the circle and construct an

auxiliary point C' (the vertex of the angle of rotation).



Figure. 4. Graphical construction of arc AB of a circular curve

The graphic construction of intermediate points (C, D, E, ...) consists in the
sequential division of the known arc into two equal parts. For example, the position of
point C 1s found at the intersection of the bisectors AC and BC of the angles between
the tangents AC', BC' and the chord AB (see Fig. 4). Similarly, relative to the chord AC
we determine the position of point D, and from the chord CB — point E. Repeating such
actions with new chords AD, DC, CE, EB, etc., we find the positions of a sufficient
number of intermediate points of the given arc 4B.

Gaussian formulas for an azimuthal serif. But the accuracy of the serif will be
significantly reduced for small chords. It is more reliable to use the traditional method
of calculating conditional rectangular coordinates and other geometric parameters of
circular curves. To do this, from the coordinates of points 4, B ( x4, Y4; X5, Vg) and

the directional angles of lines 40;, BO> (40,5 @po,), find the angle of rotation (¢ )

and the radius of the connecting arc (R) using the formulas:

Y = Apo, — A40,> (11)
R = (xp — XA)SinaAol — (g — }’A)COSCYAO1 (12)
Sin(aAol - CZBOZ)
or
R = (xp — XA)Sina’Bo2 — (vp — yA)COSaBo2 . (13)

sin(oon1 - “Boz)
In the case of joining two circular curves with different radii, the transition curve

can be similarly projected as a tangent arc of the circle 4B .
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Calculation transition curve in the form of a clothoid. The general principle of
constructing a clothoid requires that both connecting circular curves be tangent to the
clothoid at the initial (4) and final (B) points of the transition curve 4B .

The basic equations of the clothoid relate the radius (p;) and rotation angle (¢;) of
the current point to its distance (/;) from the origin and the clothoid parameter (RL):
_RL ;?

L o 14
Pi=T"  PiToRL (14)

Let us denote unknown parameter RL clothoids through C, then for the transition
curve AB after transformations we have (i =1, 2):

C C

e

(15)
where /;, ¢;, R;— elements of the clothoid at its initial 4 (i=1) and final B (i=2) points.
Considering that the difference in the angles of rotation ¢, and ¢, is related to

the directional angles of the lines @40, and apg,lines AO 1 and VO » ( Fig. 5)

) 0o
2\R2 R,?
we find the unknown parameter of the clothoid by the formula:
C=2-Ap-R? (17)
where
R2 = ﬂ (18)

R12 _ R22 '
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o

Figure. 5. The connecting of two circular curves by a clothoid

Let us consider an example of determining the clothoid parameter (see Fig. 4)
using the initial data given in Table 2.

Table 2. Initial data for calculating clothoid

Xp, = | 600,000 m Xo,= | 699,485 m | @p,0,= 357,620°

2

Yo, = | 500,000m | ¥o,=| 495,866 m bi=| 99,571 m

R;=1] 250,000 m R>=1] 150,000 m R’=135156,250 m?
Xo,4= 350,5° Xo,B~ 9,5° A(p: 19,0°
X4 = | 846,571 m xg = | 847,428 m A= 89,207°

y,=| 458,738 m yg=|520,623m | dyp=| 61,891 m

The unknown parameter of the clothoid is calculated using formula (17):
C =2-0,33161256 pag.- 35156,250 m? = 23316,508 m2.
Now the coordinates of the initial 4 and final B points of the transition curve and
the centers of the circular curves O; and O, can be calculated using the well-known

formulas:
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c c3 s CS )
x. — —— —_— .--;
" R 40-R;° 3456-R;’ L
C? c* C6 (19)
. = f— + —_— e
YT s, R? 336-R;” 42240-R;M J
and
C c3 cS .\ )
Xn = —_ —_ ...;
%7 2-R; 240-R° 34560-R,° l
o2 ot oo . (20)
=R, + — + — .
You = T S R2 T 2688-R,’ | 506880 - R;': J

To check the correspondence of the found clothoid to the original data, it is
necessary to compare the original lengths of the lines O, O, and 4B with their calculated
values (Table 3). In the case of satisfying the geometric conditions of the connection
of two circular curves (2)-(4), all the necessary data for the transition curve are
determined using the traditional method. To convert the coordinates of the clothoid
points to the original system, the calculated and original coordinates of the centers of
the circular curves are used.

Table 3. Calculated data of clothoid

C= | 23316,508 m? Ap=| 19,00° dsp= {61,892 m b=\ 99,571 m
Touku [, m p, m @° Xi, m Vi, m Xo, M Yo, M
A 93,266 250,000 | 10,69 | 92,942 5,785 46,579 251,448
B 155,443 150,000 | 29,69 | 151,322 | 26,337 77,031 156,648

If the calculated lengths of lines 4B (d4z) and O,0: (d;2) do not correspond to
their original values, then the given points 4 and B do not belong to the same clothoid.

Research results and their discussion. To determine the possibility of connecting
the given circular curves with a clothoid, it is necessary to analyze the entire
combination of the mutual location of points in the intervals between the beginning
and end of each curve. For example, the points of the previously considered circular
curves (see Table 2) can be located in the ranges of the directional angles of the lines

340° < ayp, < 360°nd 0° < apy, < 20°. Determining the optimal location of the
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clothoid is possible using the standard function "Solution Search" («Solver») of the
menu "Microsoft Excel" (Table 4 — optimization task, Table 5 — optimization result).
In this case, optimization occurs according to the objective function
F=by; —b'1, =0, (21)
where b, — the initial value of the distance between the centers of circular curves (4);
b'1, — calculated value of the distance between the centers of circular curves.

Table 4. Output data for “Solution Search”

Marking A B Marking A B

Ri=| 250,000 m | 150,000 m xi= 193,343 m | 290,455 m

@;=| 340,00° 20,00° yvi=| 25420m | 109,261 m

Ap=| 40,00° |0,69813 rad. dip=| 61,892 m | 128,296 m

R’= 35156,250 m? xoi=| 97,672m | 157,349 m

C= 49087,385 m? yoi=| 256,390 m | 178,516 m
li=1196,350 m | 327,249 m di2=| 99,571 m 98,111 m

= -1,460 m

When forming the optimization task (Table 4), the initial data are the radii of the
circular curves (R; , Ry), one of the possible options for the angles of rotation
(91 = ag,a, P2 = 0g,p) and the distance between the centers of the given circular
curves (b12). In the control example (see Table 3), in addition, the chord length between
points A and B (dag ) is known. All other values in Table 4 are calculated by formulas
(15), (17)-(21) and (4) from the radii of the circular curves (R, R,) and the difference
in the initial angles of rotation (A¢). Since the objective function (F=-1.460 m) does
not satisfy condition (21), it is necessary to find the optimal solution by changing the
possible values of the angles of rotation (¢,) and (¢-) in the given ranges.

After accessing the standard “Solution Search” function, the calculated
parameters take values corresponding to the optimal solution (Table 5) and coincide
with the calculated data of the adopted clothoid model to an accuracy of 1 mm (see
Table 3).

Table 5. Result of optimization of the objective function

Marking A B Marking ‘ A ‘ B |
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Ri= 250,000 m | 150,000 m xi=| 92,943 m | 151,323 m

@;=| 350,498° 9,498° yi=| 5785m | 26,337 m

Ap=| 19,00° [0,33161 rad. dip=| 61,892 m | 61,892 m

R’= 35156,250 m? xoi= | 46,579 m | 77,032 m

C= 23316,679 m? yoi=| 251,448 m | 156,648 m

li=] 93267m | 155445m b= 99,571 m | 99,571 m
F= 4,1E-10 m

In cases where there is no optimal solution, instead of a clothoid, we can
recommend, for example, an arc of a circle of a larger radius (see Fig. 4) to connect
two given circular curves.

Conclusions. The most complete fulfillment of the geometric conditions for the
connection of two circular curves is achieved using a clothoid. In the work-It has been
proven that there is not always a clothoid that provides a correct connection of two
circular curves. In such cases, for example, an arc of a circle of larger radius between
selected points of the connected circular curves can be used.

The formation of possible options for the location of the initial and final points of
the clothoid is achieved by specifying the initial coordinates of the centers of the
circular curves and setting the range of directional angles of the lines between the
points of the circular curves and their centers. To find a clothoid that is common to two
circular curves and ensures the preservation of their centers, It is suggested to use the
standard "Find a solution" function of the menu "Microsoft Excel".
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M.II. Mapywak, C.I. Paoos, C.B. Pomme, A.B. Bononmup, O.B. Ky3neuosa
3’€JHAHHS AYT IBOX KOJIOBUX KPUBHUX IIPU ITPOEKTYBAHHI TA
PEKOHCTPYKIIII ABTOMOBILJIbHUX JOPIT

Anomauia. besnexa ma ymosu pyxy asmomoOiibHO20 MpPAHCNOPMY CYMMEBO
3anexcams 8i0 6NAUBY KPUBOMIHIUHUX OLIAHOK. [ NpakmuiyHo20 GUKOPUCMAHHS
NOCMIUHO YOOCKOHANIOIOMbCS MemoOU NPOEKMYBAHHS 20PU30HMANbHUX Kpusux. Ha
yel Yac 8 HAyKoBUX BUOAHHAX GIOCYMHI NPOCMI MA HAOIUHI Memoou NPOEKMYBAHHSL
nepexioHux Kpueux 0Jisl 3 €OHAHHA 080X OOHOOIYHO HANPABIEHUX KOJOBUX KDUBUX.
Haseni memoou nowtyky onmumanbHux nepexioHux Kpugux eUKopucmosyoms
imepayiuni npoyecu ma cneyianbHo po3pobieHi NpocpamHi npooykmu. Tomy
B800CKOHANEHHS MEMOOUKU PO38 A3AHHS 3a0ayi 3 €OHAHHA KOJOBUX KPUBUX HAOY8AE
NPaKmu4Ho20 3HauyeHHs. B pobomi pozensnymi OCHOSHI eapianmu hopmyeaHHs
KPUBONIHILHUX OLTAHOK 3 080MA KOJIOBUMU KPUBUMU - 3 €OHAHHSL NPAMUMU 6CTNABKAMU,
oyeamu Kin Oinbuio2o padiycy ma Kiomoioamu, a maxkodic NOulyK Kiomoiou, siKka €
CRIIbHOIO 051 080X KOJOBUX KpUBUX mMa 3abe3nedye 30epedceHHs iX yeHmpis.
Hoseodeno, wo npu 6i00MoMy NONOIHCEHHI YeHmpie ma O0ye KOA0BUX KPUBUX 3A0AHUX
paoiycie, nNowlyK OnmuManbHOi KIOMOIiOU ModHce GUKOHYBAMUCS CMAHOAPMHON
@yukyieto  «llowyk piwennsa» mento «Microsoft Excely. Moowcnuei eapianmu
PO3MAULY8AHHA KPAUHIX MOYOK KIOMOIOU HA ICHYI0UUX aO0 3aNpOEKMOBAHUX KOTOBUX
KpUBUX 3a0A€EMbCS OUPEKYIIHUMU KYMAMU MIHC YeHMPAMU KPUBUX MA NOYAMKOBUMU
[ KiHyesuMu moukamu Kolosux Kpusux. Haeeodeui npuxnaou pospaxyukie npamux
8CMABOK MA KA0OMOIO0 OJisl 3’ €OHAHHS MIJHC COD0I0 080X KONOBUX KPUBUX.

Knrouoei cnoea: xonosa kpuea, ceomempuuti ymosu 3’ €OHaHHs, NpAMa 6CMABKA,

K10moioa, onmumizayis, NOUYK pilueHHs.


http://mdu.edu.ua/wp-content/uploads/gmit14.pdf
http://nbuv.gov.ua/UJRN/vgtk_2013_3_4

