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Abstract. Area, as one of the fundamental geometric parameters of land parcels,
is a key factor in land management, land cadaster, land taxation, and related fields.
The geodetic area should ideally be determined on the surface of the reference
ellipsoid; however, in engineering practice, it is usually calculated from the
coordinates of turning points in the Gauss-Kriiger projection. The influence of
projection is approximately accounted for by introducing a correction to the computed
area value derived from rectangular coordinates. At the same time, the geodetic area
may differ significantly from its approximate value.
There are no exact (closed-form) formulas to calculate the areas of arbitrary
parcels on the ellipsoid surface based on the geodetic coordinates of turning points.
Therefore, the most accurate values of geodetic areas of geospatial objects are

obtained by numerical methods, including those used in geographic information



systems. A simpler method of determining “undistorted” land parcel areas relies on
equal-area geodetic projections.

This study employs the Sanson, Gauss-Kriiger and Cassini projections. For the
Gauss-Kriiger and Cassini projections, algorithms are provided for calculating
corrections based on the ordinate of the parcel’s centroid and the ordinates of all
turning points. The accuracy of the proposed algorithms has been analyzed using
mathematical modeling.

Key words: geodetic area, geodetic projections, area distortion, correction to

calculated area.

Problem Statement. Distortions of areas in cartographic projections have been known
since ancient times [1]. One of the main methods for determining undistorted areas is
the use of equal-area projections. However, in topographic and geodetic practice,
conformal projections have demonstrated the highest efficiency. Among them, the
transverse cylindrical Gauss-Kriiger projection has been the principal system used in
Ukraine since the early twentieth century [2].

To account for distortions of land parcel areas in this projection, the earliest
recommendations involved the use of maps with known coefficients of distortion for
elementary spheroidal trapezoids. Later, the practice shifted toward applying

corrections to areas calculated from plane rectangular coordinates.

AS =S, % (1)
where Sy, denotes the area of the plot in the Gauss-Kruger projection;
y is the ordinate of the area’s gravity center relative to the axial meridian;
R is the the average radius of the Earth’s ellipsoid curvature at the center of gravity.
The issue of area reduction in the Gauss-Kriiger projection has not been
addressed by textbooks on higher geodesy or mathematical cartography. It is generally
assumed that distortions are practically negligible on sheets of topographic maps since
they do not exceed other errors in determining areas on maps.
Review of Recent Research and Publications. The distortion of surface areas

on the ellipsoid in any geodetic projection depends not only on the scale factors at the



parcel’s vertices but also on the curvature of the geodesic line in its planar
representation. Under certain conditions, the influence of this factor may exceed the
distortion due to the scale of representation (AS, eq. 1) as well as the root mean square

error ms of determining the parcel area, which is calculated according to the following

/1
mg=mp [o n D% (2)

where mp is the root mean square error of the position of boundary marks;

formula:

Di is the length of the line between the previous (i-1) and next (i+1) characters.

Accounting for area distortions of land parcels is particularly relevant in light of
current requirements for state land cadastre data. These requirements can be met
through the development of methods and tools for geodetic measurements, the
application of numerical methods for calculating geodetic areas of parcels, and the
implementation of computer and geoinformation technologies [3.4].

For the first time in land management practice, the Order [2] introduced the
requirement to use geodetic areas, which are recommended to be determined either by
a rigorous method on the surface of the reference ellipsoid or by applying AS correction
(eq. 1) to the area computed in the Gauss-Kriiger projection. However, no criteria have
been provided for selecting between the rigorous or the approximate method.

The aim of this study is to improve algorithms for determining geodetic areas
based on plane rectangular coordinates and to substantiate criteria for the use of
approximate and rigorous numerical methods.

Materials and Methods. Let us first study the equidistant transverse cylindrical
projection of the ellipsoid onto the plane, in which geocentric coordinate ellipses are
used instead of the large coordinate circles of the classical spherical Cassini projection
[5]. In this ellipsoidal Cassini projection, when ordinates are undistorted (my=1), the
abscissas of points are distorted in the same manner as in the Gauss-Kriiger projection:

m, = secw; (3)
w5 (4)

where w denotes the angular argument of distortion;



y is the ordinate of a point with respect to the central meridian;
R=6378 km is the mean radius of curvature of the Earth ellipsoid over the territory
of Ukraine [2].
We adopt the scale factor in the ordinate direction to construct a transformed
equal-sized Cassini projection:
m, = Cosw. (5)
Then the changed ordinate for the equal-sized projection will take the form:
y' = R sinw, (6)
while ordinate increments from equal-magnitude to equal-intermediate projection can

be calculated by the formula:

Ay=y—y’zy—R-sin%. (7)
Since the abscissas do not change when the scale of the ordinate distortion

changes, the area correction can be calculated by the formula:

AS = %Z?=1 Ay;(xi_1 — Xi41), (8)
where i=1, 2, 3, ..., n are the plots’ turning point numbers.
It requires that the image scales of the m, abscissa and the my ordinate be the
same to build a transformed equiangular Cassini projection:
m, =m, = secw. (9)

Then the changed ordinate for an equiangular trapezoid takes the form:

y'~R-Intg G + %) (10)
whence angular argument of distortion is equal to
w=2" {arctg [exp (%)] — %}, (11)

while ordinate increments from equal-area to equiangular projection are to be
calculated by the formulas:
Ay'. = Rw; — Rsinw;; (12)
Ay". =yi — Rw;; (13)
Ay, =Ay'; + Ay"; =y; — R - sinw;. (14)



Area correction can be calculated by formula (8) or calculating solely the ordinate of
the center of gravity yn by the formula:
AS =S8,y Wy Sinwy, (15)
where Sy is the area of the plot in rectangular coordinates;
wm 1S the angular argument of distortion (11), calculated from the mean ordinate yp,;
Approximate value of the geodetic area is to be calculated by the formula:
§$=S,,—AS. (16)

Thus, to calculate the approximate value of the geodetic area from coordinates
in conformal projections, we can use either the well-known correction formula (1) for
the computed area, which is recommended for land management purposes [2], or the
proposed formulas (15) and (8).

The necessity of accounting for the distortion of a land parcel’s area can be
assessed by comparing the calculated correction (1), (8), or (15) with the root mean
square error of area determination (2). For asymmetric configurations with side lengths
of 1-5 km, it is preferable to use equal-area projections, while for larger side lengths,
geodetic areas should be determined numerically using approximated geodetic lines.
Results and Discussion. To analyze the accuracy of the proposed methods for
accounting for area distortion, models of land parcels on the surface of the Earth’s
ellipsoid were created with both symmetric (circle, square, star, etc.) and arbitrary
asymmetric contours. The geodetic coordinates of the turning points were determined
by solving direct geodetic problems using Bessel’s formulas, and the geodetic areas of
the parcels were computed along approximated geodetic lines on the ellipsoid surface.
Subsequently, using the corresponding plane coordinates in the Sanson, Cassini, and
Gauss-Kriiger projections, the areas, distortion corrections, and adjusted area values
were calculated.

Mathematical modeling confirmed the applicability of all the methods
considered under certain conditions. Among them, the correction according to formula
(8) provided the highest accuracy, while formula (1) yielded the lowest.

For example, the final area errors after accounting for scale distortions in the

Gauss-Kriiger and Cassini projections for a symmetric model (Figure 1), with a



geodetic area of S = 15,307.3 m?, are presented in Table 1. The central point of the
model is located at latitude B = 50° and longitudes from L = 0° to L = 40°, with
distances from the central point to the respective points of 100 and 50 meters. The root
mean square error (RMSE) of the area determined by Gauss-Kriiger coordinates is 0.9
m? (5.9E-3 %) for a positional RMSE of 1 cm for the defining points.

1
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Figure 1. Schematic land plot model

Table 1. Area distortion calculation results

. Gauss-Kriiger projection Cassini projection
- 8S, m? | 8Sy, m? | 8Sp, m? | 8S, m? | 8S,, m? | 8S3, m?
0° 0.0 0.0 0.0 0.0 0.0 0.0
10° | 193.6 -1.9 -0.3 96.6 0.3 0.0
20°| 7794 -27.4 -12 385.5 4.7 0.0
30°| 1767.0 | -136.4 -3.4 861.3 23.0 0.1
40° | 3155.5 | -424.3 -1.7 1508.7 68.0 0.3

In the presented table, the following notations are adopted: 8S is the distortion
of the area calculated from the rectangular coordinates of points in the corresponding

projection; 8S; is the final area distortion after applying the correction calculated by



formula (1); 8S; is the final distortion after applying correction (15); 3Ss is the final
distortion after applying correction (8).

Conclusions and Recommendations. The values of land parcel areas calculated from
Gauss-Kriiger plane rectangular coordinates are always larger than the corresponding
geodetic areas due to the effect of the scale of area representation in this projection.
Therefore, to account for area distortions, corrections (1), (8), or (15) must be applied
to the computed area whenever the correction value exceeds the root mean square error
(RMSE) of area determination (2). In addition, area distortions are also affected by the
curvature of the mapped geodetic lines. To account for this factor, it is preferable to
use numerical methods of area determination based on approximated geodetic lines.
For line lengths of up to 5 km within a three-degree coordinate zone, equal-area
projections can be used to reliably determine geodetic areas.
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C. Pajnos, C. Porte, A. Bosiontup? Il. Ctanbko, B. JIuTBuH

YIAOCKOHAJIEHHSA AJITOPUTMY BU3HAUYEHHS ITOIIPABKH 3A
CIIOTBOPEHHA IJIOIII I'EOITPOCTOPOBHUX OB’EKTIB B
IT'EOJE3UYHUX ITPOEKIIAX

Anomauyia. [Inowa, ax 00uH 3 0CHOBHUX 2eOMEMPUUHUX NAPAMEMPIE 3eMETbHUX
OLIAAHOK, € 8ANCIUBUM PAKMOPOM V 3eMIeYCMPOi, 3eMeNbHOMY Kadacmpi, CMACHEeHHI
niaamu 3a 3emo mowjo. I'eooe3uuna niowa Mae UHAYAMUC HA NOBEPXHI peqhepeHy-
enincoioa, ane 8 IHMCeHepHIll NpaKmuyi niowa 0OHUUCTIOEMbCS 34 KOOPOUHAMAMU
nogopomuux mouox 6 npoekyii Iaycca-Kproeepa. Bnaue npoekyii Habaudiceno
8PAX0BYEMBCSL  BBEOEHHAM NONPABKU 00 OOYUCIEHO20 3HAYEeHHS NIoWi 3a
NPAMOKYMHUMU Koopounamamu. [Ipu yvomy eceode3uuna niowa modice Cymmeso
BIOPI3HAMUCS IO i1 HADIUINCEHO20 3HAYEHHSL.

He icuye mounux (xinyeeux) ¢hopmyn 01 obuucienus nious 008iIbHUX OLISIHOK
NOBEPXHI eNincoioy 3a 2e00e3UYHUMU KOOPOUHAMAMU NOBOPOMHUX MOYoK. Tomy
HQUOILMbW  MOYHI 3HAYEHHS. 2e00e3UHHUX NAOW, 2eonpocmoposux 00 '€kmis
BU3HAYUAIOMBCSL YUCTOBUMU MEMOOAMU, 8 MOMY YUCT Y 2e0IHPOPMAYIUHUX CUCTNEMAX.
Ilpocmiwuii cnoci6 eusHaueHHs HeCNOMBOPEHUX NAOW 3eMENbHUX OLIAHOK NOJSA2AE Y
BUKOPUCTNAHHI PIBHOBENUKUX 2€00e3UYHUX NPOEKYTL.

B oocnioscenni suxopucmani npoexyii Cancona, I'aycca-Kprozepa ma Kaccimi.
s npoexyiu 'aycca-Kprocepa ma Kaccini nagedeni ancopummu 6U3HAUEHHS
NONPAasoK 3a OpOUHAMON) YeHMpPAa MANCIHHA OLIAHKU mda 3a OpOUHamamu ycix
NOBOPOMHUX MOYOK. AHANI3 MOYHOCMI 3aNPONOHOBAHUX AJI2OPUMMIE NPOBEOEHUL 3
BUKOPUCTNAHHAM MemOo0y MAMeMamuiHo20 MOOea08aAHH L.

Kniouosi cnosa: ceodesuuna niowa, eeooe3utti npoeKyii, CHOMeopeHHs Niow,

nONpasKa 00 0OUUCIEHOT NAOUY.
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